Construction of tame supercuspidal representations
in arbitrary residue characteristic

J. Fintzen and D. Schwein

Abstract

Let F' be a nonarchimedean local field whose residue field has at least four elements.
Let G be a connected reductive group over F' that splits over a tamely ramified field
extension of F'. We provide a construction of supercuspidal representations of G(F) via
compact induction that contains, among others, all the supercuspidal representations
constructed by Yu ([YuO1]), but that also works in residue characteristic two — an
extension that mathematicians have been trying to achieve for the past 25 years.

The input for our construction is described uniformly for all residue characteristics
and is analogous to Yu’s input, except that we do not require our input to satisfy the
second genericity condition (GE2) that Yu imposes. Removing the second generic-
ity condition (GE2) aligns our construction more closely with geometric approaches
and, in the long term, a geometrized Langlands correspondence.
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REMARK. [t is precisely here that our assumption of p odd makes its impact. We
are dealing with the representation theory of a 2-step nilpotent p-group. The extra
complications in this theory that arise when p = 2 could be handled, but at the expense
of a long digression.

Roger Howe, 1977*

1 Introduction

The construction of supercuspidal representations of p-adic groups plays a fundamental role in
the representation theory of p-adic groups and beyond. While for GL,, and its inner forms such
a construction is known in full generality ([BK93,SS08]), for other families of reductive groups,
including classical groups, the existing general constructions [Ad198, Yu01, Ste08| assume that
p # 2. To understand the full picture, and for applications in and beyond representation
theory, mathematicians have tried to fill in the missing gap and construct supercuspidal
representations for p = 2. One natural plan of attack is to extend Yu’s construction [YuO1]
of supercuspidal representations, which provides all supercuspidal representations of tame
p-adic groups if p is sufficiently large ([Kim07, Fin21b]), to also handle the case p = 2. But in
spite of much effort since Yu’s work first appeared in 2001, this extension remained elusive.

The present paper finally achieves this goal by developing a theory of Heisenberg—Weil
representations that works for p = 2 and by providing new arguments in the proof of
supercuspidality itself. Our new arguments are adapted to accommodate the exceptional
behaviour of the Heisenberg—Weil theory when p = 2, and they no longer rely on Gérardin’s
delicate analysis of the Weil representation in [Gér77, Theorem 2.4(b)]. We also remove a
superfluous genericity condition, (GE2), imposed by Yu on the input for his construction,
resulting in new supercuspidal representations not only when p = 2, but even when p is odd
and small. To remove (GE2), we had to allow certain reductive groups in the construction to
be disconnected, a seemingly minor generalization which nonetheless breaks the standard
proof of supercuspidality even when p is odd. A key idea to repair the proof is to pass
information about intertwiners between these groups and their simply-connected covers,
though the technical details to achieve this are delicate. All in all, we provide a uniform
construction of supercuspidal representations of general tame p-adic groups for all p.

The reasons that previous authors required p # 2 are subtle and depend on the setting.
Stevens’ work for classical groups assumed p # 2 because the Glauberman correspondence
(see [Ste01, (2.1) Theorem]) does not apply to involutions of pro-2-groups. Yu'’s work for
more general tame p-adic groups assumed p # 2 since he crucially relied on the theory of
Heisenberg—Weil representations (see [Yu0l, Section 10]). At the simplest level, this theory
does not immediately extend to the case p = 2 because a factor of 1/2 appears in Yu’s

*[How77, p. 447], in a paper constructing supercuspidal representations of GL,, (F).
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definition of the Heisenberg group over F,. But as we will see below, there are much more
serious obstructions, which we address in this paper.

To describe our results in more detail, let ' be a nonarchimedean local field whose residue field
has characteristic p and cardinality ¢, and let G be a connected reductive group over F' that
splits over a tamely ramified extension of F. Let T = ((G;)1<i<n+1, %, (i) 1<i<n, P, (Pi)1<i<n)
be an input for Yu’s construction, but where we allow p = 2 and only require each ¢; to
satisfy the first out of the two genericity conditions that Yu imposes in [YuO1] (see Section 4.1
for more details).

Theorem A (cf. Theorem 4.6.9). If ¢ > 2, then the input Y gives rise to a finite set
of supercuspidal representations, each of which is a compact induction c—indIG?(F)(a) of an

irreducible representation o from an open, compact-mod-center subgroup K of G(F).

See Theorem 4.6.9 for a more precise statement?. For the reader familiar with Yu’s con-
struction, let us mention that the open, compact-mod-center subgroup K lies between the
following two subgroups that are built out of Moy—Prasad filtration subgroups of the reductive
groups appearing in the input T (the notation is explained in Section 2):

K+ = GI(F)x,r1/2 : GZ(F)x,r2/2 te Gn(F):r,rn/2 : NG(Gla G2a ce ,Gn, Gn—&-l)(F)[:r} 5
K = GI(F>:5,7"1/2 . G2<F)x,r2/2 e Gn(F)z,rn/Q . Gn+1(F)[J1] .

The construction of the representation o proceeds in two steps. The first step produces from
the given input T a unique representation, called p® k~, of a subgroup K~ of K with K/K~
being a finite abelian 2-group; see (4.2.2) for the precise definition of K~ and Section 4.2 for an
overview of the construction of the representation. The second step produces a representation
o of K using Clifford theory, which allows the reader to make choices that we discuss and
parameterize in Section 4.3. If G = GL,, or if G is a classical group and p # 2, or if we are
in Yu'’s setting, i.e., if p # 2 and each ¢; satisfies the additional second genericity condition
(GE2) of [YuO1], then K = K~ = K and no choices are required.

Let us give more details of the two steps.

The first step generalizes Yu’s construction using the theory of Heisenberg—Weil representa-
tions. The challenge is that the theory of Heisenberg—Weil representations as used by Yu is
not available if p = 2.

Already the Heisenberg F,-group itself shows an exceptional feature for p = 2. While for
p > 2 all Heisenberg [F-groups of the same cardinality are isomorphic, for p = 2 there are two
isomorphisms classes of Heisenberg groups of cardinality 2'*2" for any n > 1. Both classes
of groups arise in the construction of supercuspidal representations (see Example 4.4.2).
However, this quirk is not an obstacle for the construction of supercuspidal representations,

2In fact, Theorem 4.6.9 assumes ¢ > 3, ultimately because of Lemma 4.6.7. When ¢ = 3, although our
analysis of the Heisenberg—Weil representation is insufficient to treat this case, one can combine [Yu01] and
[Fin21a] to construct supercuspidal representations from our slightly more general input Y.

4
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as the theory of Heisenberg representations carries over to the setting of p = 2. That theory
has also been already used in the case of the the general linear group; see, for example,
[Wal86, Section II] and [BK93, (7.2.4) Proposition].

On the other hand, the theory of Weil representations, which is crucial in the construction of
supercuspidal representations, does not work for p = 2 in the same way as for p > 2. A key
difference consists in the structure of the group of automorphisms Autz(H) of H that act
trivially on the center of H, where H is a Heisenberg F,-group of order p'™". When p # 2,
the group Autz(H) decomposes as a semi-direct product Autz(H) ~ F2" x Sp,, (IF,), and the
projective Weil representation of Sp,,,(IF,) admits a linearization, which Yu used to construct
supercuspidal representations. When p = 2 such a decomposition as semi-direct product
does not exist in general. Instead we have short exact sequence 1 — F3" — Autz(H) —
O, (F3) — 1, which is nonsplit if n > 3. Because Autz(H) contains the group F2" of inner
automorphisms, its projective Weil representation does not linearize (see Remark 3.4.3) if
n > 0.

So when p = 2, there is no natural ambient group, like Sp,, (IF,) when p # 2, whose Weil
representation we can use to construct supercuspidal representations. Instead, we prove in
Lemma 3.4.9 that the projective Weil representation linearizes over certain large subgroups
of the automorphism group Autz(H), and we show that we can arrange for all the relevant
groups that appear in the construction of supercuspidal representations to map to such
linearizing subgroups (Lemma 4.5.2 and Proposition 4.5.3).

A priori two possible linearizations of the (restriction of the) projective Weil representations
differ by a character of the linearizing subgroup. Contrary to Sp,, (F,) with p # 2, whose
characters are trivial unless (n,p) = (1,3), our linearizing subgroups do admit non-trivial
characters in general. In order to obtain a unique representation x~ of K~ using our theory
of Heisenberg—Weil representations, we observe that if p = 2, the Heisenberg representation
is self-dual and thus carries an additional real or quaternionic structure. Requiring the Weil
representation to preserve this structure pins down the Weil representation up to a character
of order two, and pins down x~ uniquely if ¢ > 2 (Proposition 4.5.6).

The second step in the construction of ¢ involves Clifford theory (see Section 4 for details).
When p = 2, this step is needed in some cases to extend a Heisenberg—Weil representation to
the full normalizer of a parahoric, i.e., to pass from K~ to K, and in general, when p is small
but possibly odd, this step is needed when Yu’s second genericity condition (GE2) fails to
hold, i.e., to pass from K to K.

Condition (GE2) is closely related to a natural question in the theory of reductive groups:
Given a reductive group G over a field k£ and a semisimple element X € Lie*(G)(k) of the
dual Lie algebra, is the centralizer Zg(X) connected? Steinberg studied this question in
detail in [Ste75], and showed that the centralizer is always connected unless possibly the
characteristic of k is small, what is called a torsion prime for the dual root datum of G. (See
Lemma 4.1.2 for a review of this notion.) In our application, the group G is a twisted Levi
subgroup of G and the field k is the residue field of F. Thus (GE2) can fail, or equivalently,
a certain centralizer can be disconnected, when p is small, for example, when G = SL,, and
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p | n. This disconnectedness is what creates the difference between K and K.

The Clifford theory featuring in the second step allows the reader to make a choice in the
construction, and the supercuspidal representations in the finite set mentioned in Theorem A
correspond to different choices. These additional choices can only be described after ™ is
constructed and we therefore found it unnatural to record them as part of the input T (see
Remark 4.3.3). Although the quotient K /K (and hence also K /K ™) is not always abelian
(see Appendix D), we prove that K /K~ is a p-group (see (4.2.2) and Theorem 4.6.8(b)).

Once the construction of (I? ,0) is achieved, the proof that the resulting representation
c—indIG}(F)(a) is irreducible and supercuspidal follows in rough terms the arguments of [Yu01]
and [Fin21a], though the details require some new ideas.

First, we can no longer rely on Gérardin’s analysis of the Weil representation, in particular
[Gér77, Theorem 2.4(b)], as he only covers the Weil representations of Sp,, (IF,) that appear
for p # 2. Consequently, our arguments reprove without using [Gér77, Theorem 2.4(b)] that
Yu’s original construction yields supercuspidal representations.

Second, once we remove the condition that the characters in the input Y satisfy Yu’s second
genericity condition (GE2), the proof of supercuspidality requires more complicated arguments.
When (GE2) fails, the resulting disconnectedness requires us at certain points to replace
the reductive groups G; of the input YT by disconnected groups with identity component G;.
The problem is that the character ¢;_; of G;(F') in the input Y need not extend to this
disconnected group, invalidating one key step in the old arguments for supercuspidality. We
compensate by carefully passing certain results about intertwiners to simply-connected covers,
referring the reader to the proof of Theorem 4.6.8 for details.

Structure of the paper

After summarizing notation in Section 2, the main body of the paper is Section 3, which
develops the theory of Heisenberg—Weil representations with a view towards our applications
to p-adic groups, and Section 4, which proves Theorem A. In addition, for the convenience
of the reader, we have added to the end of the paper four appendices, an index of selected
notation, and an index of selected terminology.

Acknowledgments

The authors thank Alexis Langlois-Rémillard and Kazuma Ohara for feedback on an earlier
version of this paper.

2 Notation and conventions

Let F' be a nonarchimedean local field of residue characteristic p with discrete valuation
val: F' — Z U {oo} and ring of integers Op. We denote by kg the residue field of F' and
by ¢ = |kr| the cardinality of kr. We fix a separable closure F*P of F' and take all finite

6
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separable field extensions of F to lie inside F*?. We denote by kp the residue field of FP,
an algebraic closure of kp.

Given a group A, we denote by Z(A) the center of A and by Irr(A) the set of isomorphism
classes of irreducible representations of A. We write [a, b] := aba~'b~"! for the commutator of
a and b. Given a subgroup B of A, let N4(B) be the normalizer of B in A. More generally,
given subgroups By, ..., By, let No(By, ..., By,) ==, Na(B). We write B := aBa™' and
given a representation m of B, we write %t for the representation x +— m(a"'za) of *B. If in
addition B is normal in A, then we denote by N(7) the set of a € A such that *r ~ 7 and
by Irr(A, B, m) the set of o € Irr(A) such that o|p contains m. Given a set X and an action
of A on X, we write X* for the set of elements of X fixed by A, and given in addition an
element x € X, we write Z4(x) for the set of a € A such that a(x) = z.

Suppose k is an arbitrary field. We write Gal(¢/k) for the Galois group of a separable
algebraic field extension ¢/k. Given a linear algebraic k-group H, we write H° for the
connected component of H containing the identity and mo(H) := H/H® for the component
group of H, a finite algebraic k-group.

All reductive groups in this paper are required to be connected unless explicitly stated
otherwise. Given a reductive k-group G, we write G for the derived subgroup of G and
G** for the simply connected cover of G4, We denote the adjoint quotient of G’ by G*! and
the image of G*°(k) in G(k) by G(k)*. We denote the Lie algebra of G either by Lie(G) or by
using lowercase Fraktur letters, so that g is the Lie algebra of G, for example, and we denote
the dual Lie algebra by Lie*(G). We write G for the Langlands dual group of G. A subgroup
H of GG is a twisted Levi subgroup if H, := H x;, £ is a Levi subgroup of a parabolic subgroup
of G for some finite, separable field extension ¢/k. A twisted Levi subgroup H of G is elliptic
if Z(H)/Z(G) is anisotropic.

Given a k-torus T, we denote by X*(7T') the set of characters of Tiseo := T Xy, kP with
action of the absolute Galois group Gal(k*P/k), where k°P is a separable closure of k. For
an algebraic group P containing T" we write ®(P,T) for the set of non-zero weights of T
acting on the Lie algebra of P, equipped with the action of Gal(k*P/k). In particular, if
T is a maximal torus of G, then ®(G,T) C X*(T) is the absolute root system of G with
respect to T, equipped with Galois action. When T is a maximal torus of G, we write
H, :=da¥(1) € Lie(T)(k*P) for a € ®(G,T), and we write W(G,T) := Ng(T)/T for the
Weyl group, a finite algebraic k-group. When 7' is a maximal split torus of G, so that ®(G,T')
is the relative root system, we denote by U, the root group for the set of positive-integer
multiples of @ € ®(G,T). So if 2a € ®(G,T'), then U, is nonabelian. Given a finite field
extension £/k, we denote by Nmy/,: T'(¢) — T'(k) the corresponding norm map.

Let R :=RU{r+ | r € R} U {oo} with its usual order, as in [KP23, Section 1.6]. We write
%(G, F) for the enlarged Bruhat-Tits building of G over F. For r € R and z € B(G, F),
we denote by g(F)er, §(F);, Ua(F)syr, and G(F),, the respective depth-r Moy-Prasad
subgroups at x of the F-points of the Lie algebra g, its linear dual g*, the root group U,,
and the group G, where in the last case we assume r > 0. If F' is clear from the context,

we might omit it from the notation, e.g., we write g,, instead of g(F),, and G,, instead

7
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of G(F),,. If G is anisotropic, for example, if G = T is a torus, then we may suppress
 from the notation and write g,, g5, and G(F),. Let G(F)%, := G(F)* N G(F),,. Given
x € B(G, F), we write [z] for the image of z in the reduced building of G. If a group H acts
on the reduced building of G, then we denote by Hi, the stabilizer of [x] in H(F').

If a twisted Levi subgroup H splits over a tame extension F, then there is an admissible
embedding of buildings B(H,F) — A(G,F) ([KP23, Section 14.2]). In general, this
embedding is only well-defined up to translation, but all translations have the same image.
In this paper we will identify #(H, F') with its image in (G, F') for some fixed choice
of embedding, and all constructions are independent of this choice. If H is elliptic and
x € B(H,F), then the images of x in the reduced buildings of H and G have the same
stabilizer in H(F), so that the notation H(F);) has the same meaning whether [z] is
interpreted with respect to H or G.

In this paper, the word “representation” with no additional modifiers refers to a smooth
complex representation. However, we will sometimes work with “R-representations” or “R-
linear representations” for R € {R, C, H}, referring to R-linear representations on R-modules.
See page 12 for a discussion of these notions, which can also be viewed as extra structure
on an underlying complex representation. We write c-ind for compact induction. Given an
irreducible representation 7 of G(F'), we denote by depth(m) the depth of 7.

Let V be a vector space over a field k. Given a quadratic form @ on V, we write O(V, Q) for
the usual orthogonal group, the elements of GL(V) stabilizing ). We define the subgroup
SO(V, Q) of O(V,Q) as the kernel of the determinant if char(k) # 2 or the kernel of the
Dickson invariant if char(k) = 2, so that [O(V, Q) : SO(V, Q)] = 2 if V # 0. Similarly, given
an alternating form w on V, we write Sp(V, w) for the usual symplectic group, the elements
of GL(V) stabilizing w. We will often drop @ or w from the notation in O(V, @), SO(V, Q)

and Sp(V,w) when their presence is clear from context.

3 Heisenberg—Weil representations

Let k be a field. The reader is welcome to take & = IF,, since this is the only case that will be
needed in the construction of supercuspidal representations. Nonetheless, we allow k to be a
general field, or sometimes, a finite field, because it is no harder to state the results in that
setting. Recall that p is a prime number, including possibly p = 2, and ¢ is a positive integer
power of p.

3.1 Heisenberg groups

In this subsection we explain how to extend the definition of the Heisenberg group over F,
for odd p (cf. Example 3.1.6) to the case p = 2. The resulting group has extremely explicit
models (Construction 3.1.3 and Examples 3.1.6 and 3.1.7), but to find this group within a
p-adic group, we will also characterize it by intrinsic properties (Definition 3.1.2).



Tame supercuspidal representations J. Fintzen and D. Schwein

Recall that the exponent of a finite group is the least common multiple of the orders of its
elements. The following class of finite p-groups already appeared in the work of Hall and
Higman ([HH56, Section 2.3]), and has been extensively studied and used as a tool by finite
group theorists; see [Gor80, p. 183 and Chapter 5.5] for a textbook treatment.

Definition 3.1.1. A finite p-group P is an extraspecial p-group if its center Z(P) has order p
and P/Z(P) is abelian of exponent p.

Specializing the definition of extraspecial p-group very slightly and allowing the degenerate case
Z,/pZ yields the version of the Heisenberg group relevant to the construction of supercuspidal
representations.

Definition 3.1.2. A Heisenberg F,-group is a finite group P whose center Z(P) has order
p and for which P/Z(P) is abelian of exponent at most p and if p # 2 then also P is of
exponent at most p.

In other words, a Heisenberg F,-group is either Z/pZ or an extraspecial p-group, which is in
addition required to have exponent at most p when p # 2. The case p = 2 requires special
care: In this case we cannot require P to have exponent 2 because that would force P to be
abelian, and hence we would only obtain the group P = Z(P) ~ Z/2Z.

The “F,” appearing in our terminology reflects the fact that there is a general construction
of the Heisenberg group over a field k, specializing to Definition 3.1.2 when k = IF,,. We recall
this construction to help with computations and comparison with the literature, though we
will more often take the intrinsic viewpoint of Definition 3.1.2.

Construction 3.1.3 (Heisenberg k-groups). Let k be a field and V a finite-dimensional
k-vector space. Given a bilinear form B: V ®; V — k, we can interpret B as an element of
Z%*(V, k) and define the resulting extension V% of V by k. In other words, VnB is the group
with underlying set £ x V and multiplication

(a,v) - (byw) = (a+b+ B(v,w),v + w).

The group VﬁB is a Heisenberg k-group if Z(VﬁB) = k, where we identify k£ with k£ x {0} from
now on, or equivalently, if the associated alternating form below is nondegenerate:

wp(v,w) := B(v,w) — B(w,v). (3.1.3a)

If ¢ = p? with d > 2, then a Heisenberg F,-group is a p-group but not a Heisenberg F,-group
because the center is too large. Relatedly, our construction of supercuspidal representations
will ultimately use Heisenberg F,-groups, even though the residue field of ' may be larger
than IF,. However, the two notions agree for k = IF,,.

Lemma 3.1.4. Every Heisenberg F,-group is obtained from Construction 3.1.5 with k = F,.
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Proof. Let P be a Heisenberg F,-group. If P has order p, then P ~ V§3 for V being a
zero-dimensional Fp-vector space. Hence, we assume the order of P is p?*™! with n > 1,
which implies that P is an extraspecial p-group. Therefore P has the following explicit
presentation (see, e.g. [Win72, p. 160]): P has generators x1, s, .. ., Tg, and relations

z if (1,7) = (2d —1,2d) for 1 < d < n,
vy ;=4 27t if (i, ) = (2d,2d — 1) for 1 < d < n,
1 otherwise,
zw; =wiz for 1 <i<2n, 2P =1,and 2 =1for 1 <i<2n -2,
if p#2, then 28, | =25 =1, and
if p = 2, then either (case a) 3, =3, =1 or (case b) 23 , =232 = 2.

Let V = IF%" with standard basis {e; : 1 <i < 2n}. When p # 2, or p = 2 and P satisfies the
relations in case a above, then we define B by

B( ) 1 if (4,4) = (2d — 1, 2d) for some d,
€i,€5) = .
! 0 otherwise.

When p = 2 and P satisfies the relations in case b above, then define B by setting
B(egd,hegd) =lforl<d< n,

B<€2n—17 eQn—l) - B(eQna 6271) - B(62n—17 €2n) = ]-a

and B(e;, e;) = 0 otherwise. Sending x; to (0,¢;) and z to (1,0) defines a surjective group
homomorphism P — V]g, which is an isomorphism since both groups have the same order. []

Although there are many possible bilinear forms B for which wg is nondegenerate, the
classification of Heisenberg k-groups is rather simple.

Lemma 3.1.5. In the setting of Construction 3.1.5, let B, B': V ®, V — k be two bilinear
forms whose associated alternating forms wp and wp: are nondegenerate.

(a) Suppose char(k) # 2. Then Vi, ~ Vi~ V.

(b) Suppose char(k) = 2. If the quadratic forms B(v,v) and B'(v,v) are GL(V)-conjugate,
then VﬁB ~ VﬁB/. The converse holds if k = Fs.

We refer the reader to Appendix A for a review of the definition and properties of alternating
and quadratic forms in characteristic 2.

Proof. Given a function f:V — k and a linear automorphism o € GL(V), the map
(a,v) = (a+ f(v),00)
defines an isomorphism V% — V§3, as long as the following identity holds:

flv+w) — f(v) — f(w) = B'(ov,0w) — B(v,w), v,w € V.

10
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If in addition f € Sym?(V*) is a quadratic form, then the lefthand side of this expression is
a general symmetric bilinear form when char(k) # 2 and a general alternating form when
char(k) = 2 (see Appendix A).

When char(k) # 2, since the form
(2B — wp)(v,w) = B(v,w) + B(w,v)

is symmetric, Vi ~ Vi, ~ VI . But then Vi ~ Vi ~ VE V4, because any two
nondegenerate alternating forms on V are GL(V)-conjugate.

When char(k) = 2, if B'(v,v) is conjugated to B(v,v) by ¢ € GL(V), then the form
B'(ow,0w)— B(v, w) is alternating and thus V% ~ V%, Note that (a,v)? = (B(v,v),0) for any
a € k. Hence, if 7: V% ~ V%, is an isomorphism of abstract groups, then the automorphism
of V induced by 7 takes the quadratic form B(v,v) to the quadratic form B’(v,v). When
k = Ty, this induced automorphism of V is automatically k-linear. O

Explicitly, Lemma 3.1.5 gives the following description of Heisenberg F,-groups.

Example 3.1.6 (Heisenberg F,-groups, odd p). Suppose p # 2. By Lemma 3.1.5(a), for every
n > 1 there is a unique (up to isomorphism) Heisenberg F,-group of order p***! constructed
as follows. Given a symplectic F,-vector space (V,w) of dimension 2n, the group Vi /9 is the
set-theoretic product F, x V with multiplication

(a,v) - (byw) = (a+ b+ w(v,w),v +w).

Example 3.1.7 (Heisenberg Fo-groups). Let (V, Q) be a finite-dimensional quadratic space
over [Fy of even dimension with () non-degenerate. Up to isomorphism, there are two possible
isomorphism classes of (V, Q) when dim(V) > 2: the split space, isomorphic to £** with Q
given by (A.1), and the nonsplit space, isomorphic to k"2 & ¢, where £/k is a quadratic field
extension, with @ given by (A.2). By Lemma 3.1.5(b), there are two isomorphism classes
of Heisenberg Fo-groups of every fixed order 22"!: one of “positive type” for the split form
and one of “negative type” for the nonsplit form. In the simplest nontrivial case, order 8,
the positive-type group is the dihedral group Dg of order 8 and the negative-type group is
the quaternion group (Jg. Example 4.4.2 shows that both types of groups are needed in the
construction of supercuspidal representations.

In the finite group theory literature, extraspecial 2-groups are described as built up from Dy
and Qg as follows. Given Heisenberg Fo-groups P and @, identify Z(P) and Z(Q) with Fy
and define the central product P o @) as the quotient (P x Q))/Z where Z is the kernel of the
multiplication map Z(P) x Z(Q) — Fy. Then every Heisenberg Fo-group P of order 22! is
isomorphic to a central product

PoPyo---0P,

where each P; is either Dg or Js. Two such groups are isomorphic if and only if the number
of their quaternionic factors has the same parity, since Dg o Dg >~ (Jg o Q). The positive-type
group is Dg o --- o Dg and the negative-type group is Qg o Dg o --- o0 Dg.

11
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3.2 R-representations

In this subsection we describe a certain structure of an “R-representation” carried by every
self-dual irreducible representation of a finite group. This structure plays a key role in
linearizing projective Weil representations, as we explain in more detail in Section 3.4.

Let A be a finite group. Let (m,V’) be an irreducible complex representation of A and let
(7*,V*) be the dual representation. Let H denote the ring of quaternions over R.

Suppose that 7 is irreducible. Following Serre ([Ser77, Section 13.2]), there are the following
three mutually exclusive possible situations, indexed by a ring R € {R,C,H} that we call
the Frobenius—Schur type of 7.3

(1) 7 is complex: 7 % 7*, or equivalently, the character of 7 is not real-valued.

In the remaining two cases m ~ 7*, but there are two ways that this can happen, depending
on the sign of the form V ®¢ V' — C resulting from the isomorphism 7 ~ 7*.

(2) mis real: the form is symmetric, or equivalently, there is a representation defined over R
whose extension of scalars to C is .

3) m is quaternionic: the form is alternating, or equivalently, there is a structure of a right
g y g
H-module on V for which the action of G on V' is H-linear.

We index the Frobenius—Schur type of © by a ring R because 7 can be repackaged as an
R-module, as follows. Given R € {R,C,H}, an R-representation of A is a right R-module W
together with an R-linear action of A on W, or in other words, a homomorphism p from A to
the group GL(W, R) of R-linear automorphisms of W. Then to each R-representation (p, W)
of A we associate as follows a complex representation (m, V') of A:

(1) If R =C, then 7 = p.
(2) If R =R, then V = C ®g W with 7 the base change of p.

(3) If R = H, then V = W with C-module structure pulled back along an R-algebra
embedding C < H and 7 is the composition of p and GL(W, R) — GL(V).

If the complex representation 7 is irreducible, then it has Frobenius—Schur type R.

Lemma 3.2.1. Let (p, W) be an irreducible R-representation of A with associated complex
representation (mw,V'). Suppose (m,V') is irreducible. Then the isomorphism class of p as
an R-representation is uniquely determined by the isomorphism class of ™ as a complex
representation.

3This terminology is nonstandard but is inspired by the Frobenius-Schur indicator, which equals 0, +1,
or —1 for an irreducible representation of Frobenius—Schur type C, R, or H, respectively.

12
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Proof. If R = C, then there is nothing to prove, so assume R € {R, H}. Then GL(W, R) C
GL(V,C) = GL(V) and it suffices to show that if two homomorphisms py, p2: A — GL(W, R)
whose associated complex representation is irreducible become conjugate in GL(V'), then
they were already conjugate in GL(W, R).

For this, we use Galois descent. There is a reductive R-group G such that G(R) = GL(W, R)
and G(C) ~ GL(V): if R = R, then G is isomorphic to GL, g where n = dim(V'), and if

R = H, then G is the nonsplit inner form of a general linear group.

Let Transp(pi, p2) be the elements of GL(V') that conjugate p; to po. To complete the
proof, we need to show that this set has a Gal(C/R)-fixed point. The centralizer Zgr,v(p1)
of p; in GL(V') acts on Transp(pi, p2) by right multiplication, and this action turns the
Gal(C/R)-set Transp(pi, p2) into a Zgry(p1)-torsor in the sense of [Ser02, Chapter 1,
Section 5.2]. Such torsors are classified by the cohomology set H'(Gal(C/R), Zgrv)(p1)).
But Zauw)(p1) = Z(GL(V)) ~ C* by Schur’s Lemma, since the complex representation
associated to p; is irreducible, and Gal(C/R) acts on this group in the usual way, by complex
conjugation. So the set H'(Gal(C/R), Zgrvy) = H'(Gal(C/R),C*) is trivial by Hilbert’s
Theorem 90 and thus the torsor is trivial, implying that it has a Gal(C/R)-fixed point. [

Next we turn to projective representations. Let R € {R,C,H} and let W be a finite-
dimensional right R-module. Then

Z(GLW R)) = Z(R)" = b o p o {R, H}

{(CX if R=C,

and we write PGL(W, R) := GL(W, R)/Z(R)*. We define a projective R-representation of a
finite group A to be a group homomorphism p: A — PGL(W, R), and an R-linearization of p
to be a group homomorphism p: A — GL(W, R) lifting p. If p and p’ are two R-linearizations
of p, then there is a character x: A — Z(R)* such that p’ = x ® p. Since A is finite, the
character y takes values in the maximal compact subgroup

Z(R)X =

C

{(zeC|lz| =1} fR=C,
(1) if R e {R,H}.

Consequently, linearizing real or quaternionic projective representations involves less of a
choice than linearizing complex projective representations. In the first case the linearization is
unique if and only if A has no characters of order two, but in the second case the linearization
is unique if and only if A is perfect, which is a much stronger condition.

Lemma 3.2.2. Let R € {R,H}, let A be a finite group, let A, C A be a Sylow 2-subgroup,
and let p be a projective R-representation. Then p has an R-linearization if and only if p|a,
has an R-linearization.

This result is similar to [Gér77, Lemma 1.5], but much more general: For our lemma there is
no need to assume that A or m have a particular form.

13
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Proof. The pullback of the short exact sequence

1 > R » GL(V.R) —— PGL(V,R) —— 1

via p: A — PGL(V, R) yields an extension of A by R* which is split if and only if p has an
R-linearization. Let ¢ € H%(A,R*) be the cocycle class attached to this extension, which is
trivial if and only if the extension splits. Note that since A is a finite group, H?(A,R*) =
H?*(A,{£1}) ® H*(A,R%,) = H?*(A,{£1}). Since the restriction map H?*(A,{x1}) —
H?(A,, {£1}) is injective ([Ser79, Chapter IX, Theorem 4]), we can detect the vanishing of ¢
by restricting to A, and hence if p|4, has an R-linearization, then so does p. O

3.3 Heisenberg representations

In this subsection we recall the representation theory of Heisenberg F,-groups, paying special
attention to the Frobenius—Schur type (real, complex, or quaternionic) of the Heisenberg
representation. Let P be a Heisenberg IF,-group, let ¢: Z(P) ~ F,, — C* be a nontrivial
character, and let Vp := P/Z(P), an F,-vector space.

Lemma 3.3.1 (Stone-von Neumann theorem). There is (up to equivalence) a unique
irreducible representation w, of P whose restriction to Z(P) is 1-isotypic. Moreover,

dim(ww) = 1/ ‘VP’
Proof. This follows from [Gér77, Lemma 1.2] and Lemma 3.1.4. O

Definition 3.3.2. We call the representation w, of Lemma 3.3.1 the Heisenberg representation
of P corresponding to 1.

In order to relate the Heisenberg representations of P to the Heisenberg representations
of appropriate subgroups of P that are themselves Heisenberg F,-groups, and to compute
their Frobenius—Schur type, we first introduce some additional notation and make a few
observations.

By Lemma 3.1.4, a direct calculation, and identifying Z(P) with F,, the formulas
wp(xZ(P),yZ(P)) = [z, 2], Qp(zZ(P)) =2 (p=2) (3.3.3)

define a symplectic form on Vp and, when p = 2, a nondegenerate quadratic form on Vp.
The nondegeneracy of those forms follows from observing that if P = VﬁB, then under the
identification of Vp with V, we have wp = wpg, and, if p = 2, then Qp(v) = B(v,v) for
v € Vp =V and wp = Bg, using the notation of Appendix A. Following Appendix A, we
extend the notions of nondegenerate subspace, isotropic subspace, polarization, and partial
polarization to Vp, taking these notions with respect to the nondegenerate alternating form wp
when p # 2 and with respect to the nondegenerate quadratic form (Qp when p = 2.

Let W be a subspace of Vp. A splitting of W (in P) is a subgroup 0 x W of P for which the
natural projection P — P/Z(P) = Vp induces an isomorphism 0 x W — W. The subspace

14
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W admits a splitting if and only if W is isotropic, and all splittings are conjugate under the
inner automorphism group Vp of P. At the opposite extreme, the preimage of W in P is a
Heisenberg [F)-group if and only if W is a nondegenerate subspace.

Let Vp = VT ® Vo @® V™ be a partial polarization, and let Py be the preimage of Vo in P. Let
wy and wy be the Heisenberg representations of P and Fy, respectively. Choose a splitting
0 x VT of VT in P and let V™ x Py be the internal direct product of 0 x V* and P in P.
Let triv X wy, denote the inflation of wy, along the resulting projection map V* x Py — F.

Lemma 3.3.4. Let P be a Heisenberg IF,,-group. With the notation of the paragraph above,
(a) wy ~ Indys, p (triv K wp ) (b) (wy)™>V" =~ Wiy
Proof. For the first part, by Lemma 3.3.1, we know that dim(w,) = 1/|Vp|. Since

dim (Indys  p, (t1iv R wo ) = v/ [Vo| - V7| = V/[Vp| = dim(wy)

and this induced representation has central character ¢, it must be the Heisenberg repre-
sentation. For the second part, we use an identification of P with V% for some B as in
Construction 3.1.3 that sends 0 x VT to {0} x V*. Then {0} x V~, which we identify with
V= via (0,v) — v, forms a set of coset representatives for P/(Vt x Fy), and by the first part

we can describe wy, as the space of functions f: V™ — V, ~on which V%B acts as follows

(@, 0" +v0 +v7)f) (@) = wou(a, vo)y(ws(v™, 2)) f(x +v7)

where z € V7, (a,vg) € Vg, vt eVt and v~ € V7. Such an f is fixed by 0 x VT if and only
if f(z) =0 for all z # 0. The assignment f + f(0) is the desired isomorphism. ]

If the partial polarization is a polarization, then Lemma 3.3.4(a) gives a construction of the
Heisenberg representation. Indeed, in this case Vo = 0 and Py =, if p # 2 or P has positive
type, and dim(Vy) = 2 and Py = Qg if P has negative type, meaning we can easily construct
wo,» by hand. We will now use this observation to compute the Frobenius-Schur type of the
Heisenberg representation, which will ultimately allow us to reduce the number of choices in
the construction of supercuspidal representations (see Proposition 4.5.6).

Lemma 3.3.5. The Heisenberg representation is complex if p # 2, real if p =2 and P is of
positive type, and quaternionic if p = 2 and P is of negative type.

Proof. Let w, denote the Heisenberg representation. If p # 2, then wy, is complex because
wy, ™ wy-1 % wy. Now suppose p = 2. In general, if a complex representation of a subgroup
of a finite group is self-dual, then its induced representation is self-dual of the same Frobenius—
Schur type as the original representation. Using Lemma 3.3.4(a) for a polarization of Vp, we
may therefore assume that P = Fy or P = Q5. Now in the positive type case the Heisenberg
representation Fy < {+1} C C* is visibly real, and in the negative type case the Heisenberg
representation can be identified with the tautological embedding Qs <— H* = GL(H), which
is visibly quaternionic. O]
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Definition 3.3.6. Let R € {R,C,H} be the Frobenius-Schur type of the Heisenberg
representation wy, corresponding to 1. The Heisenberg R-representation corresponding to 1 is
the irreducible R-representation of P whose associated complex representation is wy.

3.4 Weil representations

We remain in the setting of the previous section, i.e., P denotes a Heisenberg F,-group, 9
is a nontrivial character of Z(P), and w, the corresponding Heisenberg representation. To
simplify notation we write V :=Vp = P/Z(P).

We write Autyz(P) for the group of automorphisms of P that act trivially on the center
Z(P) of P. (If p =2 and P is of positive type, then Autz(P) is isomorphic to Weil’s
pseudosymplectic group defined in [Wei64, Section 31].) Given a subgroup A of Autz(P),
since wy, is the unique irreducible representation of P with central character v, the action
of A preserves w, up to isomorphism and thereby gives rise to a projective representation
of A on the space underlying the Heisenberg representation, which we call the projective Weil
representation of A.

Our construction of supercuspidal representations requires us to linearize the projective Weil
representation for certain subgroups A C Autz(P). If dim V' > 0, then a linearization on all
of Autz(P) is not possible (see Remark 3.4.3 below), so it is crucial to restrict to appropriate
subgroups A. However, without additional constraints, there is ambiguity in the choice of
linearization when we restrict the projective Weil representation to A: The character group
of A acts transitively, by twisting, on the set of linearizations. Since A is often abelian in our
applications, this ambiguity is quite dire.

For p > 2, the group A in our application is contained in the image of a splitting of the
quotient Sp(V,wp) of Autz(P), and the projective Weil representation can be linearized on
it by the theory of Weil representations. A choice for a preferred linearization has been made
in [Gér77, Theorem 2.4(a)] (see also Construction 3.4.2).

For p = 2, the analogous short exact sequence for Aut,(P) in Fact 3.4.1 does not split if
dim V' > 2. Instead, to linearize the projective Weil representation and pin down a specific
linearization, we use a special feature of the Heisenberg representation present only when
p = 2: the structure of an R-representation, for R € {R,H}. Linearization is accomplished
using a criterion for R-linearizability, Lemma 3.4.9, which builds on the abstract criterion
Lemma 3.2.2. To pin down a specific linearization, we use that an R-linearization is unique
up to a character of order two, rather than an arbitrary complex character, combined with
the fact that in our application, Proposition 4.5.6, the relevant subgroup of Autz(P) does
not admit any character of order two.

Note that the subgroup of inner automorphisms of P fixes the center and is isomorphic
to V. = P/Z(P). Moreover, given an element of Autz(P), the induced automorphism of V
preserves the symplectic form wp and, when p = 2, also the nondegenerate quadratic form
Qp defined in (3.3.3). This leads to the following short exact sequences.

Fact 3.4.1 ([Win72, Theorem 1], [Gri73, Theorem 1], see also [Blad3, Section 1.3]).
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(a) If p # 2, then we have a (noncanonically) split exact sequence

1 =V — Autz(P) — Sp(V,wp) — 1.

(b) If p =2, then we have a short exact sequence
1 =V —= Autz(P) — O(V,Qp) — 1
that is split if and only if dim(V) < 2.

Construction 3.4.2. If p # 2 and P = Vjp/Q, then we have a splitting of Sp(V,wp) into
Autz(P) given by g € Sp(V,wp) acting via (a,v) — (a, g(v)), using the presentation described
in Example 3.1.6. The Weil representation of Sp(V,wp) was defined in [Gér77, Theorem 2.4(a)]
as a linearization of the projective Weil representation of this splitting. This linearization is
unique unless Sp(V, wp) = Spy(F3), in which case there are three linearizations and Gérardin
singles out one of them. The resulting representation of Sp(V,wp) x Vﬁp /2 that restricts to
the Weil representation on the first factor and to the Heisenberg representation on the second
factor is called the Heisenberg—Weil representation of Sp(V,wp) X Vjp/z.

Remark 3.4.3. If dimV > 0, then the projective Weil representation is not linearizable on
Autz(P). If it were, then its restriction to the subgroup of inner automorphisms would be
linearizable as well. In other words, there would exist a representation m: V x P — GL(V,,)
extending the Heisenberg representation P — GL(V,,,). Since wy is irreducible, for every
v € V, there would then be a scalar ¢(v) € C* such that 7(v) = ¢(v)wy(0,v). The fact that
7 and wy, are homomorphisms forces the function ¢ to satisfy a certain identity, which we can
use to show that c(v) is contained in the pth roots of unity s, and that c¢(v) gives rise to a
splitting of the homomorphism P — V. This is a contradiction as no splitting exists.

Let A be a subgroup of Autz(P) and let R € {R, C,H} be the Frobenius—Schur type of the
Heisenberg representation w,, of P. Then for every a € A, by Lemma 3.2.1, the a-twist of
the Heisenberg R-representation is isomorphic to the Heisenberg R-representation, and the
intertwiner between these two representations is unique up to scaling by Z(R)*. Hence we
obtain a projective R-representation of A, which we call the projective Weil R-representation.

In order to transfer the notion of a Weil representation (see Construction 3.4.2) from the
Heisenberg group VBJP jo to an abstract Heisenberg group P in the case of p # 2, we drop wp
from the notation, and use a special isomorphism.

Definition 3.4.4 (cf. [YuOl, Section 10]). We call an isomorphism P — V* a special
isomorphism if the induced morphism P/Z(P) — V*/F, =V is the identity.

Definition 3.4.5. Let A be a subgroup of Autz(P), let R be the Frobenius—Schur type of
the Heisenberg representation of P, and let ¢ be a non-trivial character of Z(P).

17
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(a) For p # 2, if there exists a special isomorphism 7 : P — V* that extends to a group

homomorphism
Ax P — Sp(V) x V*

whose restriction to the first factor is the projection A x {1} — Sp(V) x {1} of
Fact 3.4.1(a), then we call the composition of this morphism with the Heisenberg—Weil
representation of Sp(V) x V¥ attached to the character ¢ o (i|zyz)) " a Heisenberg-Weil
C-representation of A x P.

(b) For p =2, we call an R-representation of A x P whose restriction to P is the Heisenberg
representation wy, (if such a representation exists) a Heisenberg—Weil R-representation of
Ax P.

We call the restriction to A of a Heisenberg—Weil R-representation of A x P a Weil R-
representation of A, and we call the complex representation associated to a (Heisenberg—)Weil
R-representation a (Heisenberg—)Weil representation.

Note that a Weil- R representation is an R-linearization of the projective Weil R-representation,
and a Weil representation is a linearization of the projective Weil representation. Hence any
two Heisenberg—Weil representations of a given group A x P for a given character ¢ differ (up
to isomorphism) at most by twisting by an R-character of A. The following results provide
us with a setting in which the Heisenberg—Weil representation is unique.

Lemma 3.4.6. Suppose p # 2 and dimV > 0. Let A be a subgroup of Autz(P) and let
fi,fo: Ax P — Sp(V) x V¥ be two group homomorphisms whose restriction to A x {1}
factors through Sp(V) x {1} as the projection from Fact 3.4.1(a) and whose restriction to
{1} x P provides a special isomorphism with {1} x V&, Then there exists h € {1} x P such
that fo is the composition of conjugation by h with fi.

Proof. The composition f; o f, * is an automorphism of f5(A) x V¥ that induces the identity
on the quotient V and hence fixes {1} x Z(V#) = [{1} x V¥ {1} x V#]. Therefore there exists
w € V such that (f; o f;)(1,a,v) = (1,a + wp(w,v),v) = (1,0,w)(1,a,v)(1,0,w)"" for
(a,v) € VE. Let g € Sp(V) be in the image A. Then for (a,v) € V¥, we have

)(1 a gU) (fl (97171 (1,(1,,1])(g_1,1,1))

(o fzH( av))(g 1,1
(1,a 4+ wp(w,v),v)(g"', 1,1) = (1,a + wp(w,v), gv).

(La_'_wP(wagv)?gU) = ( 2
= )
= ( 1)
Hence wp(w,v) = wp(w, gv) = wp(g~ w,v) for all v, which implies that gw = w. Therefore

f1 is the composition of f, with the conjugation by (1,0,w) € Sp(V) x V. Therefore
h= (falpyxr) H((1,0,w)™") € {1} x P satisfies the desired property. O

Corollary 3.4.7. Let A be a subgroup of Autz(P) and suppose that AX P admits a Heisenberg—
Weil representation wy, attached to a character ¢. If p =2, we also assume that A has no
characters of order two. Then wy, is unique.
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Proof. Since any two Heisenberg—Weil representations differ (up to isomorphism) only by
twisting by an R-character of A, and since R € {R,H} if p = 2, the assumption implies that
wy is unique if p = 2. If p # 2, then the result follows from combining Lemma 3.4.6 and
Definition 3.4.5. m

The assumption of the above corollary will be satisfied in our application to representations
of p-adic groups (see Proposition 4.5.6).

To finish this subsection, we give a criterion for when the projective Weil R-representation
admits an R-linearization. We recall from Section 3.1, page 15, that if V=V &V, V™~ is
a partial polarization, the preimage Py of V in P is a Heisenberg F,-group. If 0 x V* is a
splitting of V* in P, then we write V* x P, for the internal direct product of 0 x V* and P,
which is the preimage of V© @& Vj in P.

Definition 3.4.8. Let V™ C V be an isotropic subspace and 0 x VT a splitting of V' in P.
Define P(0 x VT) to be the subgroup of Autz(P) consisting of the elements ¢ such that

(a) g(0 x VT) =0 x VT, and

(b) g(x) -2 €0 x VT for all z € VT x R,

Lemma 3.4.9. Let ¢: Z(P) — C* be a nontrivial character, let R € {R,C,H} be the
Frobenius—Schur type of the Heisenberg representation of P corresponding to v, and let A be
a subgroup of Auty(P). Suppose there is a Sylow p-subgroup A, of A, an isotropic subspace
VT of V, and a splitting 0 x V™ of V't such that

A, CP(0x V"),

Then the Heisenberg R-representation of P extends to an R-representation of A x P.

Proof. By [Gér77, Lemma 1.5] when p # 2 and by Lemma 3.2.2 when p = 2, it suffices to
show that the Heisenberg R-representation w,} extends to A, x P. Write P := P(0 x V7).
Extend the Heisenberg R-representation w{fw of Py to the R-representation 7 of P x (VT X Pp)
defined by the formula

T (p, v, ) = woy(T), peEP,ve0x VT xecP,.

By the definition of P, this formula defines a homomorphism: p(v,z)p~! = (v + w,x)
for some w € 0 x V4, and then n(1l,v + w,z) = 7w(1,v,2) because 0 x V, C ker(m).
Using Lemma 3.3.4(a), we deduce that the restriction to P of the induced representation
Indpx @w Ry (7) 18 isomorphic to wyy. Restricting Indpx gﬁx o) () to Ay x P yields therefore

an extension of wfi to an R-representation. O

4 Construction of supercuspidal representations

Let F' be a nonarchimedean local field. Let G be a connected reductive group that splits over
a tamely ramified extension of F.
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4.1 The input

The input to our construction of supercuspidal representations is analogous to the input
that Yu ([YuO1]) uses, but it allows p = 2 and removes the second genericity assumption
(GE2) imposed by Yu in [YuO1, Section 8] that we recall below. We follow the conventions in
[Fin21a]; see [Fin2la, Remark 2.4] for a comparison of conventions.

Throughout the paper we will use the following notion of generic elements, which is slightly
weaker than what has previously appeared in the literature due to the absence of (GE2).

Definition 4.1.1 (cf. [Fin, Definition 3.5.2]). Let G’ be a connected reductive F-group and
let H C G’ be a twisted Levi subgroup that splits over a tamely ramified field extension of F.
Let x € #(H, F), and let r € R..

(a) An element X € Lie*(H)#(F) is (G', H)-generic of depth r if it satisfies the following
two conditions.

(GEO0) X € Lie*(H),, \ Lie*(H), .4 for some (equivalently, every) = € B(H,F).

(GE1) val(X(H,)) = r for some (equivalently, every) maximal torus 7" of H and every
acd(G,T)NQ(HT).

(b) A character ¢ of H(F')is (G', H)-generic (relative to x) of depth - if ¢ is trivial on H(F'), ,+
and the restriction of ¢ to H(F),, is realized by an element X of Lie*(H)¥(F) that is
(G', H)-generic of depth —r, i.e., ¢|g,, is given by composing H, ./ H, 4 ~ ba, /Dot
with A o X for a fixed additive character A : F' — C* that is nontrivial on Op, but
trivial on the maximal ideal of Of.

Notably, these conditions do not require Yu’s condition (GE2). However, since the fine details
of (GE2) will be relevant later, we review the definition here.

In the setting of Definition 4.1.1, suppose X is (G’, H)-generic of depth r and let T be a
maximal torus of H. We denote by X the restriction of X to t(F°P) and choose an element
w, of valuation r in F*P. Then, under the identification of t*(F*P) with X*(T') ® [P, the
element w%Xf is contained in X*(T') ®z Opser, and we denote its image under the surjection
X*(T) ®z Opser — X*(T) @z kr by X;. Now we can state condition (GE2):

(GE2) The centralizer of X in W(G’, T)(kr) is W(H, T)(kg) for some (equivalently, every)
maximal torus 7" of H.

Moreover, if ¢ is a character of H(F’) that is (G', H)-generic relative to = of depth r, then we
say that ¢ satisfies (GE2) if the restriction of ¢ to H(F),, is realized by a (G’, H)-generic
element of Lie*(H)"(F) that satisfies (GE2).

If p is a torsion prime for the Langlands dual group @, or in other words, for the dual
root datum of G’, then (G’, H)-generic characters always satisfy condition (GE2) ([Yu01,
Lemma 8.1]). We refer the reader to Steinberg’s article [Ste75] for a full discussion of
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the notion of a torsion prime, but for convenience, we recall the following properties of
torsion primes. Let m1(G) be the algebraic fundamental group of a reductive group G (see
[KP23, Section 11.3]), a finitely generated abelian group, and let m(G)iors be its torsion
subgroup.

Lemma 4.1.2. Let p be prime, let k be a field, and let G be a reductive k-group.

(a) p is torsion for G if and only if p | |71(G)iors| o p is torsion for the root system of G.

(b) The torsion primes p of an irreducible root system ® are as follows:

o A’ru OTL BTZ7 Dn; G2 E6; E7; F4 ES
p | mnone 2 2, 3, 2,3,5

(c) Let G' be a Levi subgroup of G. If p is torsion for G', then p is torsion for G.

Proof. These claims are proved in [Ste75]. In more detail, the first two parts follow from 2.5
and 1.13 of [Ste75], respectively. For the third part, [Ste75, 1.19] shows that if p is torsion for
the root system of G’, then it is torsion for the root system of G, and [Ste75, 2.11] shows
that 71 (G')sors 18 a subgroup of m1(G)iors. Now the third part follows from the first part. O

Example 4.1.3 (Failure of (GE2)). Let p = 2, let G = SLy, and let 7" be an unramified,
elliptic maximal torus. Then T'(F') is the norm-one elements in an unramified quadratic
field extension E/F. A character ¢: T(F) — C* is G-generic of depth r if and only if
depth(¢) = r. By direct calculation, or an argument using methods from the proof of
Lemma D.2, we see that Ng(T)(F)/T(F) ~ Z/2Z. Hence Ny (G)(F)/T(F) acts on T(F) by
inversion. So if ¢ has positive depth and order two, then ¢ will be (G, T)-generic but not
satisfy (GE2).

The input to our construction is a tuple (cf. [Fin21a, Section 2.1])

T = ((Gz’>1§z§n+17 z, (Tz‘)lgz‘gm P, (sz‘)lgign)

for some non-negative integer n, where

(a) G=G1 2Gy 2 G52 ... 2 Guyq are twisted Levi subgroups of G that split over a
tamely ramified extension of F,

(b) v € B(Gp11, F) C B(G, F),

)
(¢) 11 >mry>...>r, >0 are real numbers,
(d) pis an irreducible representation of (Gj41)[y that is trivial on (Gpi1)a0+
)

(e) ¢y, for 1 <i <n, is a character of G;41(F) of depth r;,
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satisfying the following conditions

(i

a1 is elliptic in G, i.e., Z(Gp11)/Z(G) is anisotropic,

(ii) the image of the point z in B(GST,, F) is a vertex,

) G
)

(iii) pl(Gni1)eo 18 @ cuspidal representation of (Gri1)e0/(Grt1)z,04
)

(iv) ¢; is (Gi, Giy1)-generic relative to x of depth r; for all 1 < i < n.

For brevity, we will refer to such an object T as a supercuspidal G-datum, and we will fix such
a datum from now on.

4.2 Overview of the construction

We will now construct several objects out of a supercuspidal G-datum Y, culminating in a
supercuspidal representation. The dependence on T is implicit, not reflected in the notation.

Define the open, compact-mod-Z(G) subgroups

K+ = GI(F>x,r1/2 . G2<F)x,7“2/2 o Gn(F)z,’/‘n/Z . NG(Glu GQ: s 7Gna Gn+1)(F)[J:] ’
K = GI(F>3:,T1/2 : G2<F)x,r2/2 te Gn(F)x,rn/2 : Gn+1(F)[m] .

Then K is a normal, finite-index subgroup of K+. Note that our K is denoted by K in
[Fin21a, Section 2.5], but we want to avoid too many tildes and indices.

Lemma 4.2.1. Let G' be a connected reductive F-group and let H C G’ be a twisted Levi
subgroup that splits over a tamely ramified extension of F'. Let x € PB(H,F) and let ¢ be a
character ofH of depth r. Then there exists a unique character ¢ ) of H(F) ) - G'(F)g 2+

such that gb ar ) and ¢ agree on H(F) and (H,G")yryr/24+ C ker(¢(G/,x))
Proof. This follows from the argument at the beginning of [Yu01, Section 4]. O

In particular, for each 1 < i < n we have a character $Z = ((;ASZ-)(G@) of (Git1)@] - Gar, 2+ that
extends the restriction of ¢ to (Giy1)p.”

Our goal is to construct a representation o of a certain group K = Ng+ (p ® k) contained
between K and K. The irreducible supercuspidal representation is then c—indIG?(F)(a). If
the characters in the input T satisfy Yu’s additional condition (GE2), then K = K (see

Theorem 4.6.8(b)). The construction takes two steps, which we briefly summarize before
describing them in more detail.

40ur character ¢ is defined on a slightly larger subgroup than Yu’s character é, which was defined on
the subgroup (Gpni1)] - (Git1)z,0 - Ga,r, /2. There is little risk of confusion, however, because our character
extends Yu’s character.
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First, we define a certain normal subgroup K~ of K, for which the quotient K/K~ is an
abelian 2-group if p = 2 and is trivial otherwise (see (4.2.2)). Using the Heisenberg-Weil
representation, we construct an irreducible representation £~ of K~ (see Lemma 4.5.8).

Second, we make two choices: an irreducible representation x of K whose restriction to K~
contains x~, and an irreducible representation o of K := Ng+(p ® k) whose restriction to K
contains p ® k. These two choices can be studied using Clifford theory, and we reflect on the
choices in Section 4.3.

Step 1: Heisenberg—Weil representation. The first step uses the theory of Heisenberg—
Weil representations that features in Yu’s work ([Yu01]) in the case p # 2, but which was not
available before this paper in the case p = 2.

For 7,7 € R\ {oo} with 7 > # > 7/2 > 0, let (Gy)gri = (Gis1, Gs)(F)asm as in [Fin2la,
Section 2.5]. In Lemma 4.4.1 we will show that the group

VE = (Gi)m,m,n/Z/((Gi)m,mmﬂ—l- N kef(ﬂgi))

is a Heisenberg F,-group. Let (w;,V,,) denote the Heisenberg representation of VE with
central character ¢i|(,),,. ..., (Definition 3.3.2).

Define the group
K™ = (Gl)x,rl,r1/2 te (Gn>$,7‘n,7‘n/2Gn+1 (F)[;] (422)

where if p # 2, then (Gpi1),) == (Gni1)w), and if p = 2, then (Gry1)p, is defined to be the
kernel of the projection map from (Gp41)}y to the finite abelian 2-group

(G )/ (Z(GF)) - (Gusr)a) @2 Zia). (423
The left factor is a finite abelian group by [KP23, Corollary 11.6.3].

The representation x~ of K~ will have underlying vector space V- := @, V.,,. To define
Kk~ we give an action of each factor of K~ on each vector space V,,,, form the tensor product
of the actions to produce an action of each factor of K~ on V, -, and then check that the
actions of the different factors of K~ are compatible, so that they descend to a morphism
k™ K7 — GL(V,-) (see Lemma 4.5.8). More precisely, let 1 <i,j < n. Then the factor

(Gi)eriri/2 acts on the space V,, when i # j by the character ¢j|(Gi)z,r',rv/2a and when 7 = j by

the Heisenberg representation w; of VE with central character ¢§i|(Gi)m,ri,ri . As for the factor
(Gnﬂ)[;], we let (Gnﬂ)[’m] act on V,, via ¢; ® w;, where w; denotes the restriction of a (pull
back of a) Weil-Heisenberg representation as in Notation 4.5.4 (see also Proposition 4.5.3,
Definition 3.4.5, and Proposition 4.5.6). While Weil representations in general are only
uniquely defined up to twisting by an order-two character (cf. Corollary 3.4.7), the resulting
representation w; is uniquely defined when ¢ > 2 because it is inflated from a group with no

characters of order two (see Proposition 4.5.6).

Step 2: Clifford theory. Recall from Section 2 that if A is a group, B is a normal subgroup
of A, and 7 is a representation of B, then we write Irr(A, B, ) for the set of o € Irr(A)
whose restriction to B contains 7.

23



Tame supercuspidal representations J. Fintzen and D. Schwein

First, let k € Irr(K, K~ k™). If p# 2, then K~ = K and Kk = k. By Lemma 4.3.1(a), the
character group of K/K~ acts transitively, by twisting, on the set of such k. We may now
inflate the representation p from G,41(F);) to K by asking the inflation to be trivial on
G1(F)gpi /2 Go(F)zros2 - Gu(F )y, /2. We denote this inflation by p as well, and we form
the tensor product p ® x of the inflation with .

Second, let o € Irr(K, K, p ® k), where we recall that K := Ny+(p® k). By Lemma 4.3.1(b),
these o are in bijection with the irreducible representations of the intertwining algebra
End (Indj(p ® K)).

In Theorem 4.6.9(a) we will show that the representation c-indf?(F) (o) is irreducible and
supercuspidal if ¢ > 3. The representations C—ind?{(F)<O') for varying ¢ can also be recovered as

the irreducible subrepresentations of c—ind[G((F)(p ® k), by Theorem 4.6.9(b). If the characters

¢; in the input T of the construction satisfy Yu’s condition (GE2), then c—ind[G((F) (p®K)
itself is irreducible (see Theorem 4.6.9(c)).

4.3 Choices to be made in the construction

Let T be a cuspidal G-datum and assume ¢ > 3. Ideally, a construction of supercuspidal
representations would output a single irreducible representation from each input Y. For
several reasons, however, our construction is not so precise. In this subsection we reflect on
the choices in our construction, in addition to T, that one needs to make to produce a single
supercuspidal representation. We stress that these additional choices are only necessary when
either p = 2 and G has complicated Bruhat-Tits theory at x, or when p is a torsion prime
for the Langlands dual group G. Neither of these phenomena occur for the general linear
group, where additional choices are not necessary (see Remark 4.3.5).

The only choices the reader has to make in the construction outlined in Section 4.2 are the
representations k € Irr(K, K, k7) and o € Irr(K, K, p ® k), which are described by the
following lemma.

Lemma 4.3.1.

(a) The character group of K/K~ acts transitively, by twisting, on the set Trr(K, K~ , k™).
(b) There is a bijection Irr(K, K, p @ k) ~ Irr(Endj; (Indg(p ®K))).

Proof. The first part is a special case of [Kal, Lemma A.4.3] since K /K~ is abelian, and the
second is a special case of Lemma B.1(a). ]

Remark 4.3.2 (On choosing x and ¢). The choices of k and ¢ are of a different nature.

The choice of k can be accounted for by refactorization, as in the work of Hakim and
Murnaghan ([HMO8, Definition 4.19]). Specifically, suppose x and " are two choices of an
element of Irr(K, K~, k7). Then by Lemma 4.3.1(a) there is a character x of (Gj41)[y trivial
on (Gnﬂ)[;} such that k" = x ® k, where we identify x with its inflation to K. Let Y’ be the
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supercuspidal G-datum obtained from T by replacing p with p' := y ®p. Since pQ k' = p' ® &,
and the supercuspidal representations we construct depend only on this tensor product rather
than its individual factors, we would produce the same set of supercuspidal representations
by choosing «’ for T or « for Y’. All in all, choosing a different x can be accounted for by
instead modifying the depth-zero part of T.

The choice of ¢ is in general of a nonabelian nature and cannot be accounted for by
refactorization. In Appendix D, summarized in Example D.6, we give an example where
dim(o) > dim(p ® k), showing that in general ¢ might not extend p ® k.

Remark 4.3.3 (Why we do not refine the input Y). Our construction is formulated so that
a single G-datum T gives rise to a finite set of supercuspidal representations rather than a
single one. For many reasons it would be advantageous to reformulate the construction so
that it produce an individual representation, starting from a variant datum > which would
somehow record the choices of o and k. However, such a reformulation would come at the
price of making the input ¥ much more conceptually and notationally complicated than T.

In more detail, suppose that x extends to a representation k of K=N x+(p ® k) (for any
allowed choice of p). Then, instead of the representation p of (Gy41)},) as the input in T, we
could take as an input in ¥ a depth-zero representation p of a group Kz, with K C K; C K™,
such that Ng+(p|x ® k) = K and p is cuspidal when restricted to (Gy41)s0. In terms of
our current language, 0 = p ® k. In this new language, however, the input is unpleasant to
describe because one needs to already construct K and s to even define where p lives.

We finish by discussing the case of the general linear group.

Lemma 4.3.4. Let k be a field, let G = GL,, over k, and let M be a twisted Levi subgroup
of G. Then there are separable field extensions l1,...,¢. of k and integers dy, ..., d, with
n = di[l; : k] such that M ~ [];_, Res,/x GLq,. If, moreover, M is elliptic, then r = 1.

Proof. Let k*P be a separable closure of k, let Mj be a Levi subgroup of G, let Ny = Ng(My),
and let Wy = Ng(My)/My. There is a section Wy — Ny that preserves a fixed pinning of My,
which we use to write Ny >~ My x W.

We can identify (G/Ny)(k) with the set of twisted Levi subgroups of G that are G(k*P)-
conjugate to My. If M’ is one such Levi subgroup, then the equivalence class z' €
H'(k, Aut(Mj)) corresponding to M’ is the image of M’ under the composite map

(G/No) (k) — H'(k, Ng) — H"(k, Aut(M,)),

where the first map is the connecting homomorphism and the second is obtained from the
map Ny — Aut(My) arising from the conjugation action of Ny on My. At the same time, the
composition Wy — Ny — Aut(My) yields a map H'(k, Wy) — H'(k, Aut(Mj)), and for any
w € H'(k, W), the resulting twist My, of M is a product of Weil restrictions of general
linear groups as in the statement of the lemma by our choice of section W, — Ny. Therefore,
it suffices to prove the following claim: The map f: H'(k, No) — H'(k, W)) is a bijection.
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Since H'(k, My) is trivial by Hilbert’s Theorem 90, the fiber of f over the basepoint of
H'(k,W,) is a singleton. To prove the same for the other fibers, we use a twisting argument,
as in [Ser02, Chapter I, Section 5.5, Corollary 2]. Let w € H'(k, W) with image n € H*(k, Ny)
under the section Wy — Ny. Then there is an exact sequence of sets

H(k, My,,) — H"(k, No,y) — H"(k, Wo.0.).

As we observed above, M, is a product of Weil restrictions of general linear groups, and thus
H'(k, My,,) = 1 by a minor extension of Hilbert’s Theorem 90, for instance, [Ser79, Chapter X,
Section 1, Exercise 1]. Hence f~!(w) is a singleton, and varying w, we find that f is a bijection.
This completes the proof of the first part.

Lastly, the claim about ellipticity follows since the center of M contains GLj. [

Remark 4.3.5 (No choices for GLy). When G = GLy, there is a unique choice for £ and o.

For o, the root data of GLy and its twisted Levi subgroups have no torsion primes. Hence
K = K by Theorem 4.6.8(b), and so 0 = p ® k.

For k, we claim that Gp11(F),; = Gpn41(F)[, from which it follows that K = K. Indeed,
by Lemma 4.3.4, all elliptic tame twisted Levi subgroups of GLy, including G, 1, are of the
form Resp p GLg4 for E/F a tame extension such that N =d - [E : F|. Moreover, using for
instance the lattice-chain model of the Bruhat-Tits building of the general linear group (see
[KP23, Remark 15.1.33]), we observe that GLq(E);;) = E* - GLg(E)z0. Now

G1 (F)pag _ E*-GLy(Op) E* Z

~ ~

Z(G(F))  Gui1(F)eo  F*-GLg(Og) ~— F*-0F ~ e(E/F)Z

where e(E/F') is the ramification degree of E/F. Since E/F is tame, if p = 2, then e(E/F)
is odd. So K = K.

4.4 Heisenberg [F,-groups arising from p-adic groups

We recall that G is a reductive F-group, and we let H be a twisted Levi subgroup of G
that splits over a tamely ramified extension of F. Let x € #(H,F) C #A(G, F), and let
¢: H(F) — C* be a (G, H)-generic character of some positive depth r, as in Definition 4.1.1.

The following lemma is due to Yu ([YuO1, Proposition 11.4]) if p > 2 and extends to the case
of p=2.

H,G)(F x,r,r
Lemma 4.4.1. The group V* := (H, C)(E )2 -
(Hu G) (F)x,r,r/2+ N ker(gb)
(H, G)(F)arr/2+

center —. The congugation action of H(F)y) induces an action on
(Ha G) (F)x,r,r/2+ N ker(qb)
V¥ that fizes the center of VE.

is a Heisenberg F,-group with
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(H, G)(F)a a2
(H> G)(F):Jc,r,r/QJr

Proof. For brevity, we write V := , which is an abelian group of exponent 1
or p.

When p # 2, the proofs of Lemma 11.3 and Proposition 11.4 of [Yu01] still work as written
also for our more general notion of (G, H)-generic characters so that V# (= J/N in Yu’s
notation) is a Heisenberg F,-group and the action of H(F),) on V* fixes the center of VA.

When p = 2, Lemma 11.1 of [Yu01] still hold with the same proof, i.e., the bi-additive pairing
V xV = {£1} C C* given by (aJy,bJy) — ¢([a,b]) where J, := (H,G)(F)qzpr/2+, is well

defined and non-degenerate. Hence the center of V? is

(H,G)(F)grr/2+ — ~ {£1},
(H, G)(F)x,rﬂ’/Q‘f' N kel"(qb)

Z(VH) =

and V#/Z(V#) = V is an abelian 2-group of exponent at most 2. Hence the group V! is a
Heisenberg Fy-group by Definition 3.1.2 and the action of H(F')(; on V fixes the center. [

Example 4.4.2 (Positive- and negative-type Heisenberg Fo-groups in 2-adic groups). In this
example we show that both positive- and negative-type Heisenberg Fo-groups can arise in
the construction of supercuspidal representations.

Suppose p = 2 and F has residue field kr. Let E/F be a quadratic unramified extension
of F and let o be the nontrivial element of Gal(E/F). Let G = GL(E/F) be the group of
linear automorphisms of the F' vector space E, isomorphic (after choosing an ordered basis
of E) to GLy. Then T' = Resg/r Gy, canonically embeds as a maximal torus of G through
the multiplication action of E* on E. Let x be such that G(F'), = GL(Og/OF). Let n > 1
be an integer, and let ¢: E* — C* be a (G, T')-generic character of depth 2n. We claim that
(T, G)(F)zann/ (T, G)(F)g2nns Nker(9)) is a negative-type Heisenberg Fy-group.

The main problem is to describe the group (7', G)(E)z 200/ (T, G)(E)z 20+ n+, and especially
the quotients of root groups, together with the action of Gal(E/F') on this group. The root
groups have the following description: There are orthogonal idempotents e; # €3 in (E®p E)*
interchanged by Gal(E/F') such that one root subgroup of G(FE), call it U, (F), is represented
in the ordered basis (e, e3) by matrices of the form u(a) = [(1) ‘1‘] with @ € E, while the other,
call it U_,(E), is represented in this ordered basis by the matrices of the form v(b) = [} 9]
with b € E. It follows that Gal(E/F) acts on Uy(E)en/Ua(E)smt B U—a(E)en/U—a(E)znt
by

o(u(a) +v(b)) = v(oa) + u(oa), (val(a),val(b) > n),

where 4 and v denote the images of v and v in the above quotient spaces. Using the
commutator relation for opposite root groups, we see that

Q(u(a) +v(b)) = (u(a)v(b))2 mod (T, G)(E)z2ntns =’ (14 ab) mod (T, G)(E) 214 ns-

In other words, after identifying Uy (E)zn/Ua(E)znt ® U—o(E)en/U-o(E)zns with kg @ kg
and T(E);.0n/T(E)z 2n+ With kg, the quadratic form @ becomes the split form Q(a, b) = ab.
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On the subspace of Gal(E/F)-invariants in kg @ kg, which we can identify with kg by
matching a € kg with (a,ca), the quadratic form restricts to the norm form Q(a) = a - oa.

We claim that the nondegenerate quadratic form Q' := ¢ o Q: kp — {#£1} is non-split. Note
that the vanishing set of ()’ has size less than half of kg as follows by direct computation:

QT (Wl = (3¢ - D(g+1)+1=3¢" — 5¢ < 5|kg].

Hence @' cannot be split, and therefore (T, G)(F)zonn/ (T, G)(F)znmnt N ker(gg)) is of
negative type.

At the same time, since the central product Qg0 Qs is a positive-type Heisenberg Fao-group (see
Example 3.1.7), doubling the previous example (that is, replacing G by G x G, T' by T'xT,

¢ by ¢ ® ¢, and so on) yields an example where (T, G)(F )z 2n.n/ (T, G)(F)z2nn+ Nker(¢)) is
of positive type. So both possibilities can arise.

4.5 Weil representations of open, compact-mod-center subgroups

O? Let T be a supercuspidal G-datum. In this subsection we first construct various auxiliary
subgroups and vector spaces from Y which are needed both for the Heisenberg—Weil extension
step and for the proof of supercuspidality, and then we prove the remaining claims used in
the construction of smooth representations from Y outlined in Section 4.2. In Section 4.6 we
will then prove that these representations are supercuspidal.

Let (%,41)s0 be the connected parahoric integral model of G at x and let G,+; be the
reductive quotient of its special fiber. Hence G, is a reductive kp-group with G, 41 (kr) =
(Gn+1)m,0/<Gn+1)z,0+' By Lemma 4417 the group

q — (Gi+17Gi)(F)Z‘,Ti,Ti/2

(GiJrla Gi)(F)a:,ri,ri/Q—l- N ker(él)

is a Heisenberg IF,-group.

For any tamely ramified finite field extension F’/F, we define the following group and its
[Fp-vector space quotient

(Gi+17 Gi)(F/)x,ri,ri/2 and V. o= (Gi+17 Gi)(F/)z,n,m/Q

\7u — .
(Gt G (F ) gt s 2+ ’ (Gir1, Gi)(F") i e )2+

We may drop the subscript F” if F' = F, that is, write V; :=V, g and \N/E = \N/EF

Note that V? is an intermediate quotient between \75 and V;. While we are eventually

interested in the group VE, we will take advantage of the groups \75 7 that allow us to deduce
results over I’ by proving the analogous results after base change.

5JF: add objects to notation index later, index todo!
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The remaining objects that we like to introduce depend on two additional choices: T" and .
Let T be a maximally split, tame maximal torus of G, with splitting field £/F such that
r is in the apartment o7 (T, F) of T. Let A € X,(T)%¥/F) @ R. The following discussion
will later be applied to several choices of A, but we do not record A in the notation as this
should be clear from the context.

Let S be the maximal split subtorus of T, let . be an integral model of S that is a split
maximal torus of (%,41),0, and let S = .%,., a maximal split torus in G,4;. Then

e X.(S)®R ~ X, (S)®R.
Let P be the parabolic subgroup of G,,; containing S such that
®(P,S) ={a € &(G,11,S) | AM(a) > 0}

and let U be the unipotent radical of P. Define Pg and Ug analogously. Since A is Gal(E/F)-
stable, there is a (parabolic) subgroup P of G, 11 containing 7" such that

O(Pp,Tg) ={a € ®(Gyy1,T) | M) > 0}.
Let U be the unipotent radical of P and write

U(Fag = UF)NG(F)po,  P(F)ao = P(F)NG(F)ap.

We will now use A to also define a partial polarization of each V;.

For the isotropic subspaces, define the unipotent subgroups UfE of G; g by

Ul = (Uap |0 € ®(Gi,T) N ®(Giz1,T), Ma) > 0)
U g = (Uap | o€ ®(Gi,T) N ®(Git1,T), Ma) <0).

Given 7 € @, let UliE(E),M be the compact subgroup generated by the groups U, (F). 7
with « € ®(U;, Tg). Since ®(U;'y, T) is Gal(E/F)-stable, the group U descends to a
unipotent F-group U; contained in G;. We define U (F),  := G(F) N UfE(E)N for 7 € R.
Let

iiE _ UEE(E>z,n/2 ’ V;t _ Uf(F);p,mﬁ _ (V?EE>G&1(E/F)>

’ Ui p(E)wrijo+ Ui (F)arijo+ ’
where the last equality follows from the same arguments used to prove [Yu0l, Corollary 2.3].
Via the inclusions of U; 5 (E)ay,2 and U; (F )y, /2 into the appropriate subgroups of G(E)
and G(F), we can identify VfE with a subgroup of \N/E1 », and V¥ with subgroups of \75, of VE,
and of V.

For the nondegenerate part of the partial polarization, write H; = Zg,(A) and Hip1 = Zg,, , (N)
and define the following subgroups of V? and Vli o
N7/ Hz 7Hi Facr-r- N7/ N7/ Hz 7Hi E:cr-r- 7
’ (Hiy1, Hi)(F)z,rq;-i-,'ri/Q—i— ” (Hiy1, Hi)(E)z,ri—i-,ri/Z—i— ’
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By [Yu01, Proposition 2.2],
\N/E _ (qu)Gal(E/F)’ \750 _ (\7130E)Gal(E/F).
We also define the following Heisenberg F,-group with its quotient IF,-vector space

Hi ?Hi Fzr'r- 7 Hz aHi Fzr'r'
VEO:: (Hi+ )(F) s, i/2 ] «_VEO and Vi i= (Hi+ VE) g, i/2 ‘
; (Hiv1, Hi)(F)a s 2+ N ker () ’ (Hivr, HD) (F) i i ot

Note that using the notation from Section 3.3, we have V; = V#/Z(V?) = V.

Lemma 4.5.1. V; =V &V, ® V, is a partial polarization in the sense of Section 3.3.

Proof. It suffices to show that V,, is a nondegenerate subspace and that the subspaces
V" and V; are isotropic and orthogonal to V;o. The subspace V; is nondegenerate by
Lemma 4.4.1 applied to H;1y C H; and the character ¢;|p,,,, which is (H;, H;41)-generic of
depth 7; because

O(H, T)\ ®(Hir, T) C 3(Gi, T)\ &(Gyar, T),

and because ¢; can be represented by an element in g;(F')* of depth —r; that is trivial on the
sum t* of the root subspaces of g;(F') with respect to T hence its restriction to bh; has also
depth —r;. The subspaces V;" and V; are isotropic because they embed as abelian subgroups
of VE. To see that V;” and V; are orthogonal to V,, it is enough to show that they are
normalized by ngo, or equivalently, by \7570, and this can be checked over £/ by Galois descent.
Using the commutator relations for root groups, see, e.g., [Yu0l, Section 6], we see that for
a € ®(H;,T) N ®(Hi1,T),8 € ®(Hi41,T), the images of the root groups Uy (E),,,/2 and
Us(E)q,r, and of T(E),,,, normalize the groups V; 5. Hence \75,07  normalizes V. O

Recall that we also view V' as a subgroup of \75

Lemma 4.5.2. The action of Gpi1(F ) on \75 induced by conjugation satisfies the following
properties.

(a) We have g(V) =V and g(V] x \7370) =V} x \7570 for all g € P(kp).
(b) We have g(x) - 2=t € V) for all g € U(kp) and all x € V] x \7510.

Proof. We first analyze the situation over F/, then pass to F'. Since T'is split over E, these three
claims reduce to a commutator calculation with root groups, and follow from the following
observations. Let a € ®(G41,T) with A(a) > 0 (aroot of Pg), let § € &(G;, T) N P(Git1,T)
with A(8) > 0 (a potential “root” of V" x \7570), and suppose ia+ jf € ®(G;, T) with i,5 > 0
(a root whose root group might appear in the commutator of the previous two root groups).
The following three claims are proved by the subsequent observations about roots:0°

6JF: we (or at least I did) use the same analysis (the first bullet point) in the proof of the previous lemma
where we don’t spell it out, that’s rather inconsistent, in particular since this lemma comes after the other.
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o Py(kp) preserves Viy: If A(8) > 0, then A(ia + j5) > 0
e Py(kp) preserves V7, x Vi 0.t IEA(B) >0, then A(ia +jB) > 0

o g(x) -7 € Vi for all g € Up(kp) and all = € V; 7, X \75’07]5: If M(«) > 0 and A\(3) > 0,
then A(ia+ j5) > 0.

Now the result over F follows from Galois descent, using V" = (V)55 \7570 =
(Vu )Gal EB/F) , U(kr) C UE(kE)Gal(E/F)7 and P(kr) C PE(kE)GaI(E/F)- u

Recall the normal subgroup (Gnﬂ)[;} C (Gnt1)[) from Section 4.2, and that the conjugation

action of G4 1(F)}y) induces an action on V? that is trivial on the center of V¥ by Lemma 4.4.1.

Proposition 4.5.3. Let A be the image of (Gni1)y,) under the map (Gni1), — Aut (V)

induced by conjugation. Then the Heisenberg representation w; of Vu extends to a Heisenberg—
Weil representation of A X Vu

Proof. 1f p # 2, then by [YuOl, Lemma 11.4] (which we already observed in the proof of
Lemma 4.4.1 to also work in our setting) we have a group homomorphism (G4 1) x VI —
Sp(V;) x V¥ whose restriction to (Gns1)a) X {1} is the map (Gp41)) — Sp(V;) induced by
conjugation and whose restriction to {1} x V7 is a special isomorphism {1} x V% — {1} >< VA

Thus we obtain a desired extension to a Helsenberg—Well representation of of A X V by
Definition 3.4.5.

So we assume p = 2 for the remainder of the proof. By the definition of (Gn+1); and the fact

that the image of Z(Gy41) in Autz(V?) is trivial, there is a Borel subgroup B of G, 1 with
unipotent radical N such that the image A, of N(k‘p) in AutZ(Vh) is a Sylow p-subgroup of A.
We choose A € X, (T)%E/F) @R such that P =B and U= N. Tt follows from Lemma 4.5.2(a)
that A, is contained in P(V;), where the anisotropic subspace V;" C V; is viewed as a
subgroup of VE- via the above described splitting and P is as defined in Definition 3.4.8.
Hence the existence of the Heisenberg—Weil representation follows from Definition 3.4.5 and
Lemma 3.4.9. O

Notation 4.5.4. We denote the composition of (Gn+1)_ — A with the Heisenberg—Weil
representation of Proposition 4.5.3 also by wj.

There is a potential ambiguity in the construction of w; when p = 2, because a priori the
Heisenberg—Weil representation of a finite group is only well-defined up to a character of this
finite group that has order one or two. However, the next result will imply that this finite
group has no characters of order two if ¢ > 2, implying that the extension w; is uniquely
defined (see Proposition 4.5.6).

Lemma 4.5.5. If p=2 and ¢ > 2, then (Gni1),/(Z(G) - (Gnt1)z0+) has no characters of
order two.
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Proof. The group (Gr+1),)/(Z(G) - (Gni1)s0+) fits into the short exact sequence

(Gn—l—l)x,()
Z(G>0 ’ (Gn+1)x,0+

(Gn+1)[;] . (G”“)[;]
Z(G(F)) - (Guyi)eor  Z(G(F) - (Gir)ao

\
7

1 >

By definition, the rightmost quotient has no characters of order two. So it suffices to
show that the leftmost kernel has no characters of order two. But already the quotient
(Grt1)z0/(Gns1)z0+, the F-points of a reductive F -group, has no characters of order two
by Lemma C.4. [

Proposition 4.5.6. Suppose q > 2. Let A be the image of (Gnﬂ)[;] under the map
(Gn+1)[;] — AutZ(Vf) induced by conjugation. Then the Heisenberg representation w; of

VE extends uniquely to a Heisenberg—Weil representation of A x VE.

Proof. By Proposition 4.5.3 it remains to prove uniqueness of the extension. Since (Gj41)z0+
and Z(G) act trivially on VE, the group A is a quotient of the group appearing in Lemma 4.5.5
and hence has no characters of order two. Therefore we can apply Corollary 3.4.7. ]

We can now combine the representations w; to make a representation of K~. This step is
almost exactly as in [YuO1], but we spell it out in detail for clarity.

Construction 4.5.7 (Homomorphisms from iterated semidirect products). Suppose we
are given groups Ai,..., A, together with an action (b,a) — %a of A; on A; for every
1 <i < j <mn. If the “cocycle condition” “*(°a) = “a is satisfied for all i < j < k and a € A;,
b e Aj, c € A, then we can form the iterated semidirect product A* := A; x --- x A,,.
It is straightforward to check that under these circumstances the semidirect product is
associative, like the direct product, so that there is no need to worry about the order of
inserting parentheses in this iterated semidirect product.

Suppose we are given another group A’ and homomorphisms f;: A; — A’. Then the induced
map f*: A* — A’ defined by (ay,...,a,) — fi(a1)--- fu(a,) is a homomorphism if and only
if fi(’a) = f;(b)fi(a)f;(b)~ for every 1 <i<j<mnmanda€ A; and b€ A;.

Such iterated semidirect products naturally arise from the following situation. Suppose
that B is an ambient group containing the A; as subgroups and that A; normalizes A;
for 1 < i < j < n. Using the conjugation action, we see that the cocycle condition is
satisfied (because cbc™! - ¢ = ¢b) and thus we may form the iterated semidirect product A*.
Multiplication induces a homomorphism A* — B, and we write A; --- A,, for its image. In
the situation of the second paragraph of this construction, the homomorphism f*: A* — A’
descends to a homomorphism f: A;--- A, — A" if and only if fi(a;)--- fu(a,) = 1 whenever
a;---a, =1and q; € A,.

Lemma 4.5.8. There exists a unique representation k= of K~ with underlying vector space

V- = Q7 Vi, such that
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(a) the restriction of K~ to (Gni1)y s @iy (il ® w;), and

n+1)jg)

(b) the restriction of k= to (Gj)ew w2 for 1 < j <nis

j-1 n
Q) il 1y @ Wi © Q) GiliG))ury 2
i=1

i=j+1

where w; denotes the composition of(Gj)x’Tj’Tj/g —» V?- with the Heisenberg representation
wj.

Proof. We will prove the existence of k. Uniqueness will then follow immediately. To make
the notation more uniform, we write

K. — (Giagyry2 1< <n+1,
! (Gni1) g if j=n+1.

Note for future use in the proof that if j # ¢, then K is contained in the domain of ggz

We apply the observations from Construction 4.5.7. The group K~ is a quotient of the
iterated semidirect product K7 X --- x K, 1. Fix ¢ with 1 <7 <n. Foreach 1 <j <n+1,
define the homomorphism ;;: K; — GL(V,,) by
ilx, if j # i and j #n+ 1,
K = 4§ w; ifj=1#n+1,
bilk, ®w; if j=n+1

Note that in the second case, w; denotes a Heisenberg representation, and in the third case,
it denotes a Weil representation, both restrictions of a Heisenberg—Weil representation. We
claim that for each fixed 7, the representations (/i;j)lgjgnﬂ induce a representation x; of K.
This claim suffices because one can then define K~ := ®}_k; .

To prove the claim, we have to first show that the map on the iterated semidirect product
induced by the representations (k;;)1<j<nt1 is @ homomorphism. For this we use the criterion
of Construction 4.5.7, which requires us to check that

ni_j(aba_l) = fii_k(a)ni_j(b)ni_k(a)_l (4.5.8a)

for all j <k, a € K, b€ K;. We distinguish four cases. First, if j =4 and &£ = n + 1, then
(4.5.8a) holds by the definition of the Heisenberg—Weil representation. In the remaining cases
one of x;; or Ky is a character and so (4.5.8a) amounts to showing that [Kj, K;] C ker(k;;).
Second, if j =7 and k # n + 1 then (4.5.8a) holds because

[Kka KZ] - [(Gi>x,0+a Kz] - (Gi):fc,ri+,ri/2+ - ker(wi)v
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by a root-group commutator calculation and Galois descent. In the remaining cases r;; = ng e
because j # i. Third, if j < 4, then (4.5.8a) holds because [K}, K;] C K; C ker(quS,-). Fourth,
if i < j, then (4.5.8a) holds because [Kj, K| C [Git1(F),Git1(F)] C ker(¢;), as ¢; is a
character of G;41(F), and ker(¢;) N [Ky, K| C ker(a@i) since ¢; extends Gi 5., K]

It remains to show that (k; )* descends to a representation k; of K, for which we need
to prove that r;(a1)- -k, 1(ans1) = Id, the identity linear transformation, whenever
aj -+ ape1 = 1 with a; € Kj for 1 < j <n+ 1. So suppose a; - - - @41 = 1 with a; € Kj for
1 <j<n+1. Then k;(a;) = gzgi(ai) Id because a; € K; N H1§j§n+l,j7éi K; C(Gi)apiri s <
(Gi)agirij2r, and K (angr) = éi(anﬂ)ld because a,41 € K, N H?Zl K; € (Gnt1)z0+)
a group on which w; is trivial. Hence rj(a1) -k, (any1) = 0i(a) - Gi(angr) Id =
biay -+ anyr) Id = 1d. O

For later use, let us record the following intertwining property.

Lemma 4.5.9. Suppose g > 2. For every k € K, we have *x~ ~ x~. In particular, if k is an
wrreducible representation of K that contains k= when restricted to K—, then k is k™ -isotypic.

Proof. Let k € K. Since K~ normalizes =, and K = K~ - (Gp41)[, We may assume
without loss of generality that & € (Gpi1)). Then k is contained in the group K' =
(G1)arij2+ - (Gr)arn 24+ (Gny1)a), and hence normalizes the character ngS = ®?:1q3i|K/. Since
the restriction of K~ to the normal subgroup

K = (Gl)x,r1/2+ T (Gn)w,rn/2+<Gn+1)w,0+
is QASI K, -isotypic, and since the restriction of £~ to

KO+ = (Gl)w,r1/2 e ((;1")90»7"1/“(CYY”JFI)I’O+

is by the theory of Heisenberg representations the unique (up to isomorphism) irreducible
representation that is ¢|x,-isotypic when restricted to K, we obtain x|k, ~ k7 |k,

Thus it remains to show that under this isomorphism *x7~(g) and £~ (g) agree for g € (Gni1) -

Since ®?:1¢i’(Gn+1)[;] is the restriction of the character ®i_;¢i|(G, 1), by Lemma 4.5.8, it
k

suffices to show that Weil representations “w; (¢) and w; (g) agree for 1 <i < n under the
isomorphism that matches the underlying Heisenberg representations. This follows from the
uniqueness of the extension of the Heisenberg representation (see Proposition 4.5.6). O

4.6 Supercuspidal representations

We keep the notation from the previous subsections. In particular, Lemma 4.5.8 provides us
with a representation = of K~, and we denote by x an irreducible representation of K that
contains k£~ when restricted to K, and by o an irreducible representation of Ng+(p ® k)

that contains (p ® k) when restricted to K. Our objective is to prove that c—ind%ﬁi)(p@ﬁ)(a)

is irreducible supercuspidal if ¢ > 3 (see Theorem 4.6.9(a)).
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Since our proof is similar to the proof of [Fin2la, Theorem 3.1, we will mostly focus on
the modifications necessary to accommodate the new Heisenberg—Weil representation theory
approach for p = 2 and deal with the more complicated intertwining set when (GE2) fails.

For the first half of the proof, which follows [Yu01], in particular Sections 8 and 9, we need
to generalize some of Yu’s results, which is done in Lemmas 4.6.2 and 4.6.3. Due to the
more complicated structure of the intertwining set when (GE2) fails, we also work with the
image of the simply connected cover at times, on which the desired characters we work with
vanish (see Corollary 4.6.5). We also introduce two general lemmas, Lemmas 4.6.6 and 4.6.7,
that are used to avoid the need of [Gér77, Theorem 2.4] in the second part of the proof of
supercuspidality as Gérardin’s result does not apply to our Heisenberg—Weil representations
construction for p = 2.

We begin with a lemma that is not strictly necessary for the proof of supercuspidality, but

that allows a better understanding of the structure of the group from which we induce when
(GE2) fails. We write H,, := da¥(1).

Lemma 4.6.1. Let G’ be a split reductive group over F with split mazximal torus T'. Let
X € Lie*(T), for some integer v, and let X be the image of X in Lie*(T),/ Lie*(T),,. Let
W = W(G'",T)(F), and let W' be the subgroup of W generated by the reflections s, with
val(X(H,)) > r, for a € ®(G",T). Then the group Zw (X)/W' is a p-group.

Proof. Using Lie*(T)_,/ Lie*(T)(—n+ ~ X*(T) ® kp, the group W' is generated by the

reflections s, with X (H,) = 0, and we may apply [Ste75, Theorem 4.5] to (in the notation of
[Ste75]) H = (X)) with Z,(H)° =W’ and X/X° being an F,-vector space. O

The following is a generalization of [Yu0l, Lemma 8.3] and the second part of the proof is a
variant of Yu’s arguments.

Lemma 4.6.2 (cf. [Yu0l, Lemma 8.3]). Let H be a connected reductive F-group and let

H' C H be a twisted Levi subgroup that splits over a tame extension of F'. Let H be a possibly
disconnected reductive F-group and let f: H — Aut(H) be an algebraic action such that the
induced map f° : H° — H? is surjective with central kernel.

Let X € Lie*(H'(F) be (H, H')-generic of depth —r. Then there is a subgroup H of
Ngz(H') containing the identity component of Nz(H') such that:

(a) If h € H(F), and Y1,Y; € Lie*(H'),_, are reqular semisimple that satisfy
Y1 =Y, =X (mod Lie"(H');(—r)4+) and  Ad(h)Y; = Y5,
then h € H'(F).

(b) There is a short exact sequence of groups 1 — A" — wo(H')(F*?) = A — 1 where
A Cmo(H)(F®P) and A’ is a p-group, which is trivial if X satisfies (GE2).
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Proof. To start with, we give the construction of H'. Let T be a maximal torus of H' and let
E be a finite Galois field extension of F' over which T is split. Note that we do not assume
E/F to be tamely ramified. We may identify Lie*(7) with the subspace Lie*(H’)T C Lie*(H’)
on which the adjoint action of 7" is trivial, and X € Lie*(7") under this identification because
Lie*(T) D Lie*(H')"'. Let Ny := Ngz(H',T), let Ny := Ng.(H',T), and let Nj be the
normalizer of T in f°~'(H'/Z(H)). So N} C Ny C Ny, each group of finite index in the
next one. We define H' to be the F-subgroup of Ngz(H') for which

Hy = 25, (X)p- [ (H'|Z(H)),

where X is the image of X modulo Lie*(T),(—r)+- Note that this construction is independent

of the choice of E as replacing E by a larger field extension yields the same group H'.
Moreover, this construction is also independent of the choice of T": If 7" is any other maximal
torus of H', then we may take E to split both 7" and 7", and the construction of H}, produces
the same group for both tori because Tg and T}, are H'( E)-conjugate.

The exact sequence of (b) is constructed by observing that Nj is a normal subgroup of
Zny(X) and mo(H') fits into the short exact sequence

Zng (X) 77
1 > ;7% > mo(H')

Zg5,(X)

> > 1.
ZNT(X)

By Lemma 4.6.1, the first group in this sequence is a p-group, and it follows immediately
from the definition of (GE2) (see page 20) that this group is trivial if X also satisfies (GE2).

It remains to prove (a), so let h, Y7 and Y5 be as in (a). Set T} := Zy/(Y;)° for j = 1,2, which
is a maximal torus of H'. Let E/F be a finite Galois extension splitting 77 and T,. Take
W e foY(H'/Z(H))(E) such that Ty = f(h')(T1). Then Y; := f(W)(Y1) € Lie*(T3)_, by
[Yu01, Lemma 8.2], where we identify Lie*(T3) with the subspace Lie*(H')™ C Lie*(H’) on
which the adjoint action of T is trivial. We have Lie*(Ty) 2 Lie*(H")', so that X € Lie*(T5)
under this identification. Using [Yu01l, Lemma 8.2] we obtain

Yo=f(W)(X)=X =Y, (mod Lie*(T)(r)4).
The element n := hi/~' € H(E) normalizes Ty. Moreover,
f)(X)=f(n)(Yo) =Yo=X (mod Lie"(T3)(—n)+)
Since X is (H, H')-generic of depth —r, if & € ®(H,T5), then

oo ifae ®H'T),

—r if not.

val(X (H,)) = {

As n € H(E) preserves the set ®(H,Ty), it follows that the element n also preserves the
subset ®(H',T3) and hence normalizes H'. Hence n € Zg (X)(E), and therefore
2

h=nh'€ H(F)N (Zg, (X)(E)- f°"'(H'/Z(H))(E)) = H'(F). a
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Replacing [Yu01l, Lemma 8.3] by Lemma 4.6.2 in Yu’s work we obtain the analogue of (the
first half of) [Yu0l, Theorem 9.4] in our more general setting. However, due to the more
complicated intertwining set when (GE2) fails, we will have to work with a more general
statement that only considers the restriction to the image of the simply connected covers of
appropriate groups. Recall that we denote the image of G*°(F) in G(F) by G(F)".

Lemma 4.6.3 (cf. [Yu0l, Theorem 9.4]). Let H be a possibly disconnected reductive F'-group
with identity component H, let H C H be a twisted Levi subgroup that splits over a tame
extension of F', and let ¢p: H'(F) — C* be a character that is (H, H')-generic relative to x of
depth r. We write c: H** — H for the simply-connected cover of H, and H .= H' xy H*.
Then there exists a subgroup H' of Nz (H') with identity component H' satisfying the following
properties:

(a) If h € fI(F) i?ltertwines the restriction of dS(H,x) to (H',H)gyrri24 N H(F)%, then
he H(F)gppo-H(F) - H(F)g,o.

(b) There is a short exact sequence of groups 1 — A" — wo(H')(F®*P) — A — 1 where

AC Wo(ff)(Fsep) and A’ is a p-group, which is trivial if ¢ o c|yse(p) satisfies (GE2).

In particular, sz:f is connected and p is not a torsion prime for ﬁad, then H' = H'.

Proof. Since Out(H) C Out(H*®), where Out(—) denotes the algebraic group of outer
automorphisms, the conjugation action of H(F) on H%" lifts uniquely to an action of H(F)

on H*¢. Passage to F-points gives an action of H(F') on H*(F') lifting the conjugation action
on Hr(F).

We denote by v the composition of c|(Hsc/,Hsc)mm/Q+ with gg(H@). As c((H>', H*) .y jo+) C

(H',H)yprpor N H(F), if an element h € H(F) intertwines the restriction of gﬁ(H,m) to
(H',H)ypr2+ N H(F)%, then h also intertwines’ 4.
Since ¢ is (H, H')-generic relative to = of depth r, there exists an element X € Lie*(H')!' (F)

that is (H, H')-generic of depth —r such that ¢|g/(p),, is realized by X. By the construc-
tion of QAS(HJ) its restriction to (H', H)yr/2¢ is therefore also realized by X € (h'); . C

Lie*(H')(F) C Lie*(H)(F') (where the last inclusion is obtained by identifying Lie*(H")(F")
with Lie*(H)?W")(F)), i.e., is given by composing

(Hla H)x,r,r/2+/Hac,r+ ~ (hla h)x,r,r/2+/hx,r+

with A o X, where A : FF — C* is nontrivial on Op, but trivial on the maximal ideal of
Op. By precomposition with Lie(H*) — Lie(H), we can view X also as an element in
Lie*(H*)(F). Note that then X € Lie*(H>), _, NLie*(H*')"*(F), and since the derivative

"Here we use the above action of H(F) on H*(F) and the following slight generalization of the usual
notion of intertwining: given a group A, a subgroup B, and a representation A of B, an automorphism o
of A intertwines \ if there is a nonzero B N o(B)-equivariant homomorphism from Ao o~! to .
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of ¢ maps H, in Lie(H*)(F) to H, in Lie(H)(F), the element X is (H*, H**)-generic of
depth —r. Since the diagram

(HSC/: HSC):E,T,T/2+/H;?T+ B— (Hla H)w,r,r/2+/Hx,r+

| !

(bSC/y bsc)x,r,r/2+/b§;(jr+ —_— (b/7 h)x,r,r/QJr/b:c,r-‘r

commutes by the construction of the Moy—Prasad isomorphism given in the proof of [KP23,
Theorem 13.5.1] together with the functoriality of the Moy—Prasad isomorphism for tori
[KP23, Proposition B.6.9], the character v is represented by X. Hence, in particular, also the
restriction (¢ o ¢)|ps  is represented by X and therefore ¢ o ¢|gse(py is (H*, H sc’)-generic
relative to x of depth r (in our sense). Moreover, by the definition of (GE2) (see page 20),
the character ¢ o c| ey satisfies (GE2) if and only if X € Lie*(H>)#™(F) satisfies (GE2).

Let H' be the group obtained from Lemma 4.6.2 applied to the group H acting on H*, the
twisted Levi subgroup H*' C H*, and the Lie algebra element X € Lie* (H* )™ (F).

Now we can generalize the arguments from the proof of [Yu0l, Theorem 9.4] as follows to

apply to our more general setting of h € H(F') intertwining 1 using Lemma 4.6.2 in place of
[Yu01, Lemma 8.3].

More precisely, suppose h € H (F) intertwines the restriction of ngS(H,x) to (H', H)gyr/o+ N
H(F)% Then h also intertwines ¢. Now note that Proposition 1.6.7 of [Ad198] (which Yu
recorded in his setting as [Yu01l, Theorem 5.1]) holds if, in the notation there, ¢ is an algebraic
F-automorphism of G rather than simply (conjugation by) an element of G. Thus there are
regular semisimple elements Y}, Ys in X + (55, f)sc);(_r)Jr’_r/Q such that Ad(h)Y; = Y,. Using
[Yu01, Lemma 8.6], we can find ky, ky € H*(F),, /2 such that Z; := Ad(k;)Y; € X + E)SCZ(?TH
for i = 1,2. But Z; = Ad(c(k;))Y; as well, and c(k;) € H(F)yy/2. The element h' :=
(k) - h- (ki)™ satisfies Ad(W))Z, = Zs. Using Lemma 4.6.2, we obtain that k' € H'(F), as
desired.

The last claim follows from (H¢, H*')-generic characters (in our sense) of H*'(F) automati-
cally satisfying (GE2) if p is not a torsion prime for H*¢ = H*! by [Yu0l, Lemma 8.1]. [

Lemma 4.6.4. Let H be a reductive group over F' and lety € B(H, F). Let ¢ be a character
of H(F). Then the restriction of ¢ to the intersection H(F);O+ of the image of the simply
connected cover H(F)* and H(F ),y is trivial.

Proof. We start by reviewing a few facts about semisimple anisotropic groups. Recall that a
reductive group is isotropic if it contains a unipotent element, or equivalently, if its derived
subgroup contains a nontrivial split torus. First, if H is a simply-connected isotropic F-group,
then H(F) = [H(F), H(F')| by [PR84, 6.15]. Hence H(F') has no nontrivial characters in this
case. Second, if H is semisimple and anisotropic then H splits over an unramified extension,
H is of type A, and the quasi-split inner form of H is split (see [KP23, Remark 10.3.2]).
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Hence H%(F) is compact and a product of groups of the form SL;(D) where D is a division
algebra over a finite separable extension of F'. Third, the derived subgroup of SL;(D) is the
pro-unipotent radical SL;(D)o, (see [Rie70, page 504 and Corollary on page 521]).

Let ¢: H** — H be the simply-connected covering map. Let H;, 1 < ¢ < n, be the almost-
simple subgroups of H corresponding to the irreducible factors of the relative Dynkin diagram
of H. Using H* = [[\_, H:°, we can factor any element h € H(F)EJ,OJr as a product hihy - - - hy,
with h; in the image of H°(F). At the same time, @ is trivial on the image of H:°(F') whenever
H; is isotropic. Replacing H by the subgroup generated by the anisotropic H;, we are reduced
to the case where H is anisotropic and semisimple, which we assume for the rest of the proof.

To finish the proof, it suffices to show that
¢ YH(F)oy) = ker(c) - H(F)oy, (4.6.4a)

since the restriction of ¢ to H(F)j, inflates to a character of ¢! (H (F)oy ) restricted from
a character of H*(F'). To prove (4.6.4a), note that if H — H' is an isogeny and (4.6.4a)
holds with H replaced by H’, then (4.6.4a) holds for H. Hence we may assume that H is an
adjoint group. But then H is a product of almost-simple groups, and each factor is therefore
of the form Resg/p(H'), where E/F is a finite separable extension by [BT65, 6.21(ii)]. The
E-group H’ is anisotropic, so that H'(F) = PGLy(D) for some division algebra over E.
Since H'(F)o; = PGLy(D)o4 (see [Fin22, Proposition A.12]), after replacing E by F', we are
reduced to the case where H% = SL;(D) and H = PGL;(D) for D a division algebra over F'.

Let dimp(D) = n®. Now PGL{(D)oy ~ D, /Fy, by [Kall9, Lemma 3.3.2(1)], so (4.6.4a)
amounts to the claim that if z € SLy(D) satisfies z € F* - D, , then z € pu,(F) - SL1(D)o-,
where p,,(F) denotes nth roots of 1 in F. This follows from the fact that if a € F'* satisfies
a™ € Fy, then a € p,,(F) - F... O

Corollary 4.6.5. Let 1 <i<n, let y € B(Gpi1, F) and g € Ng(Giy1, Gpi1)(F). Then the
restriction of 9¢; to (Gi+1)hy’0+ is trivial. In particular, the restriction of 9¢; to Uji(F)y,,nj/g is
trivial for all i < 5 < n.

Proof. Apply Lemma 4.6.4 to the group H = G;,1 and the character ¢ = 9¢;. O

In order to generalize the second half of the proof of supercuspidality in [Fin21a, Theorem 3.1]
we need two more lemmas that allow us to avoid [Gér77, Theorem 2.4], which is not available
for the Heisenberg—Weil representations in characteristic 2.

Lemma 4.6.6. Let P and H be finite groups and U < P a normal subgroup. Let P act on H
by automorphisms, and let (m,V') be a representation of P x H such that 7|y is irreducible.
Suppose that U acts trivially on H and U C [P,U]. Then 7|y is trivial.

Proof. Since U and H commute, the elements of 7(U) act H-equivariantly on V', hence are
scalars by Schur’s Lemma. So 7|y is isotypic for a character ¢ of U. Moreover, since P
normalizes U, it normalizes 7|y, hence ¢. In other words, ¢([p,u]) = 1 for all p € P and
u € U. Hence ¢ is trivial. O
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Lemma 4.6.7. Let k be a field, let H be a quasi-split reductive k-group, let P be a parabolic
subgroup of H, and let U be the unipotent radical of P. If |k| > 3, then U(k) C [P(k),U(k)].

Proof. Let S be a maximal split torus of H contained in P and fix a € ®(G, S). We will show
that U, (k) C [P(k),U(k)]. Note that there is s € S(k) such that «(s) # 1: Since |k| > 3,
there is t € k* such that ¢* # 1, and then we may take s = " (t) because a(a”(t)) = t? # 1.

It suffices to show that U, (k) C [S(k),U.(k)]. Take s € S(k) such that «a(s) # 1. If
2a ¢ O(G, S), then U, (k) is abelian and S(k)-equivariantly isomorphic to its Lie algebra g, (k),
and the claim follows from the fact that the endomorphism Ad(s) — 1 of g, is multiplication
by a(s) — 1 and hence invertible. If 2a € (G, 5), then the quotient U, (k)/Usq (k) is S(k)-
equivariantly isomorphic to the root space g,(k), and the same argument as above shows
that for every u € U, (k) there is v’ € U, (k) and s € S(k) such that [s,u'] = u (mod Uy, (k)).
Now we are done because by the previous case, Us, (k) C [S(k), Usq (k). O

Now we are in a position to prove the key intertwining result, Theorem 4.6.8, following
the proof of [Fin2la, Theorem 3.1]. This result will immediately imply the main theorem,
Theorem 4.6.9.

Theorem 4.6.8. Let K = Ng+ (p® k) and let o € Irr([?, K,p® k). Suppose q > 3.

(a) If g € G(F) intertwines o, then g € K.

(b) The group IN(/K is a finite p-group that is trivial if all ¢; satisfy (GE2), for example, if
p is not a torsion prime for G.

Proof. Suppose g € G(F) intertwines o. Since o restricted to the normal subgroup K <
K = Ni+(p® k) is (p ® k)-isotypic, the element g also intertwines (K, p ® ). Moreover,
by Lemma 4.5.9, o further restricted to K~ < K is a direct sum of copies of (p® k™), and
hence g also intertwines (K, p® k7).

We first claim that g € KénH(F)K for some subgroup énﬂ C N¢(Gy,...,Gy, Gpyq) whose
identity component is GG,,;1 and whose component group is a finite p-group that is trivial
if all ¢; satisfy (GE2). We show this by induction following the first part of the proof of
[Fin21a, Theorem 3.1], focusing on the differences arising from our more general setup. For
technical reasons, stemming from the fact that the adjoint quotient of a reductive group can
have more torsion primes than the original group, we divide the argument into two cases:
either all ¢; satisfy (GE2), or some ¢; does not.

In the first case, let 1 <14 < n and suppose the induction hypothesis that g € KG;(F)K. We
will show that ¢ € KG;41(F)K. Since K intertwines p® x~ by Lemma 4.5.9, we may assume
that g € G;(F). As in [Fin2la, Theorem 3.1}, the restriction of p ® K™ to (Gi)ar,,(ri/2)+ 18

the restriction of H;:1 ggj. Hence g intertwines (H;Zl gzgj)|((;i) Moreover, if 1 < j < 4,

z,r5(ri/2)+ "

then (ngSj)|(Gi)wﬁrw<r_/2>+ extends to a character of G;(F'), namely ¢;|¢,r). So g also intertwines
<¢§i)‘(Gi)z,7-,-,<7--/z>+ and g € KG;1(F)K by [Yu0l, Theorem 9.4], completing the induction step.
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The second case is similar, but requires us to deal with the complication that the character
¢; of Gj41(F) is not necessarily intertwined by disconnected groups containing G,;. Let
1 <7 < n and suppose the induction hypothesis that g € K CNJ (F)K where CNJ is a subgroup of
Ng(Gy, .. Gl 1, Gi) whose 1dent1ty component is GG; and whose component group is a finite
p-group. Let Gz—l—l be the group H' from Lemma 4.6.3 applied to H= Gl, H' = Gy, and
¢ = ¢;. Then by induction, Giy1 € Ng (Gir1) € Ng(Gh, ..., Gi,Giy1) and mo(Gipr) (F*P)
is a finite p-group. We will show that ¢ € K @H(F )K. Since K intertwines p ® Kk~
by Lemma 4.5.9, we may assume that ¢ € G;(F). As in [Fin21a, Theorem 3.1], the

res‘priction of p® K™ to (Gi)ay, (ri/2)+ is the restriction of H _ qu Hence ¢ intertwines
(IT521 2)1(G)s s oy - Moreover, for 1 < j <4 — 1, the restriction of q§j to the intersection

i
<G )m riy(ri/2)+
is trivial by Corollary 4.6.5. Hence g intertwines ¢Z]

of (Gi)a,rs,(ri/2)+ With the image of G}°(F') agrees with the restriction of ¢; and

G’ . Thus Lemma 4.6.3 implies
z,r;,(r; /2)+

that g € G;(F )Wi/gGiH( VGi(F) g2 C KG;41(F)K, which finishes the induction step.

Therefore, by induction g € KG,41(F)K, and to finish the proof of Part (a) we may assume
that g € G,11(F). It suffices to show that g € Gy1(F)}), because then g normalizes K and
hence, since ¢ intertwines p ® k, we have g € Ng+(p ® k) = K, as desired.

Suppose to the contrary that g[x] # [z]. Note that gx € B(G,41, F'), so we can choose a
tame maximal, maximally split torus 7" of (G,,.1 whose associated apartment contains z and
gr. We let A € X, (T)%E/F) @ R be such that gz = x + A, where E denotes a splitting field
of T'. We are now in the setting of Section 4.5 and use the notation defined there. Note in
particular that U(kp) is non-trivial, because « is a minimal facet.

Let f be a nonzero element of Homy—rox-(9(p @ £7), (p® k7)) and let V; be the image of f.
We adjust the arguments of the bottom of page 2739 and the top of page 2740 of [Fin21a] to
our setting, using the image of the simply connected cover at various places instead of the
groups considered in [Fin21al, and using Corollary 4.6.5, to show that

vy SV, e QU e,

=1

and that the action of

U= ((Gny1)eoN (Gn+1)5x,o+)(Gn+1)i,o+

on Vy via p® k™ is trivial. Noting that the image of U in G,4;(kr) is U(kp), it will then

(F)z,'ri/Q

. . U; . . .
suffice to show that U acts also trivially on V' for 1 <4 < n, because this will

contradict that p is cuspidal.

For the convenience of the reader, we spell out a few more details. The restriction of p® k™ to
(Grsr)? oy is the restriction of the character [T\, ¢ila,, () (times the identity), and hence is
the 1dent1ty by Corollary 4.6.5. Recall that gz € B(G,11, F) and G, 41 = G,41. Hence the
group (Gpi1)z0 N (Gnﬂ)gm’O+ acts on Vy via the restriction of the character [, 9¢:lc,...(7),
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whose restriction to (Gnﬂ)gmp , is also trivial by Corollary 4.6.5. Thus the action of U
on Vy via p ® k™ is trivial, as desired. Moreover, by definition of A and U;" (F'), /2, we
have U;"(F)yr. /2 € (Gi) garirijo+, and hence U (F),.,, /2 acts on V} via the restriction of the
character H;;ll I$ilGnir () 10 U (F)g 2, hence by Corollary 4.6.5, the action of U;"(F),.,, /2
on V; is trivial. On the other hand, also using Corollary 4.6.5, U;" (F),., /2 acts also trivially

+
on V,,, for 1 < j < n with i # j. Hence we conclude that V; CV, ®c Q;_; Vw[ii (F)z’”m, as
claimed.

+
To finish the proof of Part (a), it suffices to show that the action of U on Vog" Fherir2 56 trivial,
Since U C (Gn+1)g$70+ N (GnH)EC’OJr, the restriction of ¢; to U is trivial by Corollary 4.6.5,
so it suffices to show that the restriction of the Heisenberg—Weil representation to U(kr)

U (F)g.rs +
acting on V,,,’ Ferirz _ VQXI is trivial. Since the image V;" of U;"(F), /2 in the Heisenberg

+
[F,-group V? is a splitting of an isotropic subspace, we can identify VLx as a representation of
Vi0 with the irreducible Heisenberg representation for VE,O (with same central character) by
Lemma 3.3.4(b). At the same time, by Lemma 4.5.2(a), the group P(kr) acts by conjugation

on V" and on the quotient
Vh’o = VE,OV;F/V;F>

and the action of the subgroup U(kr) on the quotient is trivial. Hence the action of

P(kr) on V,, preserves ij . Since ¢ > 3, we may apply Lemma 4.6.7 to show that
U(kr) C [P(kp), U(kr)], and then apply Lemma 4.6.6 to conclude that U(kg) acts trivially

V+ U+(F)z,'rl/2

on V' =V,

For the second part, we observed earlier in the proof, during the inductive argument, that
7o(Grni1)(F5P) is a finite p-group that is trivial if all ¢; satisfy (GE2). Moreover, we have
seen that if g intertwines o, then g€ K Gn+1( ) K = K - Gppq1(F)pg), and since all elements

. This completes the proof of (a).

of K intertwine o, we have K < K < K - Gn+1(F )iz]- Hence there is a chain of inclusions

G +1(F)a) C é”“(F) C ﬂo(én—i-l)(F)’

c on
N Gn-i—l(F)[m] N Gn—i—l(F)

==
Q

and so K /K is also a finite p-group that is trivial if all ¢; satisfy (GE2). O

Theorem 4.6.9. Let K = Ng+ (p® k). Suppose q > 3.
(a) Let o € Irr(K, K, p @ k). Then c—indg(F) (o) is irreducible supercuspidal.

(b) c-indS (p @ k) ~ @ (c—indgp)(a))@m” with m, € N>;.

oelr (K, K,p®k)

(c) If all ¢; satisfy (GE2), for example, if p is a torsion prime for @, then K = K and the
representation c-ind$-(p ® k) is irreducible supercuspidal.
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Proof. By Theorem 4.6.8(a), if g € G(F) intertwines o, then g € K = Ny+(p® k). Moreover,
K is a normal, finite-index subgroup of K™ that contains Z(G(F)) and K/Z(G(F)) is
compact. Now the result follows by applying Lemma B.1, using the well-known fact that
for such a compactly-induced representation, irreducibility implies supercuspidality (see
[Fin, Lemma 3.2.1]). O

A Alternating, symmetric, and quadratic forms

In this section we review the notions of symmetric forms, alternating forms, and quadratic
forms, paying close attention to the features of these objects in characteristic 2 (see [KMRT98,
pp. xvii-xxi|). Fix a base field k£ and a finite-dimensional k-vector space V.

Let B be a bilinear form on V. Recall that B is

e alternating if B(v,v) =0 for all v € V|
e symmetric if B(v,w) = B(w,v) for all v,w € V, and

e skew-symmetric if B(v,w) = —B(w,v) for all v,w € V.

If char(k) # 2, then alternating is equivalent to skew-symmetric. If char(k) = 2, then skew-
symmetric is equivalent to symmetric. Moreover, if char(k) = 2, then alternating implies
skew-symmetric but not conversely, as we see by considering the simplest nontrivial bilinear
pairing, (a,b) — a - b on the one-dimensional vector space k.

A bilinear form B is called nondegenerate if for every nonzero v € V there exists w € W such
that B(v,w) # 0, and a nondegenerate alternating bilinear form is called a symplectic form.

A quadratic form @ on V is an element of Sym?(V*), that is, a homogeneous polynomial
function on V' of degree 2. Any quadratic form () defines a symmetric bilinear form Bg €
Sym?(V)* by the formula

Bq: (v,w) = Qv +w) = Qv) = Q(w).

A quadratic form @) is defined to be nondegenerate if B is nondegenerate.

The assignment () — B defines a map
Sym?(V*) — Sym?*(V)*

whose behavior depends on char(k). If char(k) # 2, then the map is an isomorphism with
inverse B — (v — 1B(v,v)), giving a bijection between quadratic forms and symmetric
bilinear forms. If char(k) = 2, then the map @) — By is not an isomorphism. Instead, its
kernel is the space (V*)® of diagonal quadratic forms and therefore, by a dimension count,
its image is the space Alt*(V)* of alternating bilinear forms.

Assume for simplicity in the remainder of this section that dim(V') = 2n is even.
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Let w be a nondegenerate alternating form. A subspace W of V is isotropic if w(w,w’) =0
for all w,w’ € W. A partial polarization of V' is a decomposition V = V* @&V, & V'~ in which
V* and V'~ are isotropic, V; is orthogonal to V™ @ V~, and the restriction of w to Vj is
nondegenerate. A polarization is a partial polarization in which V = 0.

Similarly, let @ be a quadratic form. A subspace W of V is isotropic if every w € W is
isotropic, meaning that Q(w) = 0.8 A subspace W of V is called anisotropic if Q(w) # 0 for
every w € W — {0}. A partial polarization of V' is a decomposition V =Vt &V, &V~ in
which V* and V'~ are isotropic, V4 is orthogonal to V™ @ V'~ (with respect to Bg), and the
restriction of @ to Vj is nondegenerate. A polarization is a partial polarization in which Vj is
anisotropic.

The Witt index of @ is the dimension of one (equivalently, by a theorem of Witt, any
[Lam05, Section 1.4]) maximal isotropic subspace of V. We say @ is split if @ has Witt
index n, in which case (V, Q) is isomorphic to the k-vector space k*" equipped with the
quadratic form

Q: i(wiei +x_e ;) — ixz CX_, (A.1)
i=1 i=1

where {¢; : i € {£1,...,+n}} is a basis of V. If the Witt index of @ is n — 1, then there
is a separable quadratic extension ¢/k such that (V, Q) is isomorphic to the k-vector space
k*"=2 @ ¢ equipped with the quadratic form

n—1 n—1
Q: Z(:cze, + x,ie,i) + yeg — le A ng/k<y), i, €k, ye l, <A2)
i=1 i=1
where {e; :i € {£1,...,4(n—1)}} is a basis of k2”72 and ¢y is a non-zero element of .

Given @ nondegenerate, we can form the orthogonal group O(V) = O(Q) of g € GL(V)
that preserve ), meaning that Q(gv) = Q(v) for all v € V. Let SO(V') be the index-two
subgroup of O(V') defined as the kernel of a map O(V') — Z/2Z which is the determinant if
char(k) # 2 and the Dickson invariant if char(k) = 2. See [Conl4, Appendix C.2] for more
discussion of the definition of the special orthogonal group in characteristic 2. The group
SO(V) is reductive and of type D,, over the algebraic closure of k. Moreover, SO(V) is split
if and only if @ is split. As [Tit66, Table 11| explains, the group SO(V') is quasi-split but not
split if and only if @) has Witt index n — 1.

B Basic Clifford theory and intertwining

Let B be a group, let C' be a finite-index normal subgroup of B, and let p be an irreducible
representation of C. Clifford theory concerns two closely related problems: decomposing

8Some authors call a subspace “isotropic” if it contains some isotropic vector and “totally isotropic” if
every vector is isotropic.
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the induced representation Ind3(p) and describing the set Irr(B, C, p) of irreducible repre-
sentations of B whose restriction to C' contains p. In this appendix we collect some results
from basic Clifford theory and combine them with the classical intertwining criterion for
irreducibility of a compactly-induced representation.

Lemma B.1. Let C < B < A be groups with C normal and finite-index in B, and let p be a
finite-dimensional irreducible representation of C.

(a) Sending o to the o-isotypic component of IndS(p) defines a bijection
Irr(B, C, p) +— Irr(Endp(Indg(p))).
Suppose in addition that A is locally profinite and p is smooth. Then
(b) c-indA(p @c 1ndNB(p ) ® V,,, where the sum ranges over o € Irr(Ng(p),C, p)
and each V, is a finite-dimensional vector space with trivial A-action.

Finally, suppose in addition that C' is open and has compact image in A/Z(A). If every
element of A intertwining p lies in B, then the following holds.

(¢) For every o € Irr(Ng(p), C, p), the representation c—ind]‘?,B(p)(a) is irreducible.

Proof. For the first part, since Ind3(p) is semisimple (see, e.g., [Kal, Fact A.3.2]), it decom-
poses as a finite direct sum
IndB @ o®V,

where ¢ € Irr(B) and V, is a vector space with trivial B-action recording the (finite)
multiplicity of o in Indg(p). By Frobenius reciprocity, o contributes to this direct sum if and
only if o|¢ contains p. Using Schur’s Lemma (see, e.g., [Renl0, Section B.II]), we obtain that

Endpg Indc @ Endpg(

The claim now follows from the fact that a finite-dimensional matrix algebra has, up to
isomorphism, a unique irreducible representation.

The second part follows from transitivity of compact induction together with the proof of the
first part where B is replaced by Ng(p), which shows that

C—inng(p)(p) ~ @ oV,

For the third part, we first claim that if a € A intertwines o, then a € Ng(p). If a € A
intertwines o, then a intertwines o|c and thus p because ol|¢ is p-isotypic. Hence a € B
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by assumption, and therefore a € Ng(p) because B normalizes C. The proof is now
completed using the standard intertwining criterion for irreducibility of a compactly-induced
representation. This criterion is stated when A = G(F) in [Fin, Lemma 3.2.3], and the proof
adapts to our setting by using the Mackey decomposition for locally profinite groups (see
[Kut77, Yam22]) and noting that Z(A) C B because Z(A) intertwines every representation
of a subgroup of A. O

C Commutators in simply-connected quasi-split groups

Let k be a field and let H be a reductive k-group. In this appendix we review a classical
result of Tits showing that if H is simply-connected and quasi-split, then H (k) usually equals
its own commutator subgroup, except for some degenerate cases when k = [F5 or F3 which we
list in (C.2) (and the proof of Proposition C.3). This result has been well-known for many
years, but we were unable to find a source that states it concisely. In Lemma C.4, we take
k = F, and use Tits’s result to study the order of the abelianization of H(F,).

Let H(k)™ be the subgroup of H (k) generated by the subgroups U (k) where U is the unipotent
radical of some parabolic subgroup of H.

Theorem C.1. Suppose that H is simply-connected and quasi-split and that either

k| >4, or
k ~ T3 and H has no factor isomorphic to SLy, or (C.2)
k ~TFy and H has no factor isomorphic to SLs, Sp,, Ga, or SUs.

Then [H(k)*, H(k)*] = H(k)*.

Proof. This is explained in [Tit64, Section 3.4]. O

Proposition C.3. Suppose that H is simply-connected and quasi-split.

(a) If H satisfies (C.2), then H(k) = H(k)".

(b) H satisfies (C.2) if and only if [H(k), H(k)] = H(k).
Proof. The first part is claimed without proof in [Tit78, Section 1.1.2], using the standard
notation for the Whitehead group W (H, k) := H(k)/H (k)*; see [Cot25] for a proof.

For the second part, the forward implication follows from Theorem C.1 and the first part.
The reverse implication is proved by direct computation: Clearly SLy(Fy) ~ Sz, and the
remaining groups are worked out, for example, in [Wil09], specifically Section 3.3.1 (SLq(F3)),
Section 3.5.2 (Spy(Fy) ~ Sg), Section 4.4.4 (G2(Fy)), and Exercise 3.24 (SU3(FFy)). O

Lemma C.4. Let H be a reductive F,-group. If H*(F,) has trivial abelianization, for
instance, if ¢ > 3, then the abelianization of H(F,) has order prime to q.
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Proof. Let H — H be a z-extension (see [KP23, Section 11.4] for a discussion of this notion):
a surjective map of reductive F -groups whose kernel is an induced torus and for which
HYr = H*. Then the map ﬁ(]Fq) — H(F,) is surjective, and thus induces a surjection
on abelianizations. So without loss of generality, after replacing H by H , We may assume
that H9" = H*° and hence that H9'(F,) has trivial abelianization. We have a short exact
sequence

1 —— HY(F,) —— H(F,) —— (H/H*)(F,) —— 1

in which H/H9" is a torus. Since H9'(F,) has trivial abelianization, the abelianizations of
H(F,) and (H/H"")(F,) are isomorphic. So we are reduced to the case where H = T is a
torus, where the claim follows from the fact that every element of T'(FF,) is semisimple, and
thus has order prime to ¢. That H*(F,) has trivial abelianization when ¢ > 3 follows from
Proposition C.3. O

D An example in the spin group

In this section we give an example of the failure of (GE2) which illustrates the need for
Clifford theory in our construction of supercuspidal representations. Our example shows that
the dimension of o can be strictly larger than the dimension of p ® k, as Example D.6 spells
out. The example is an extension of [Ste75, 2.20 Example].

Let G be the split group Sping over F, let ¢4 be the split reductive Op-group with generic
fiber GG, and let G be the special fiber of 4. We use Bourbaki’s model for the root system
®(Dy) and its Weyl group W (D,) as in [Bou02, Plate IV]:

with basis A = {e; — e, €3 — €3,63 — €4,e3 + es}. So W(D,) ~ (Z/2Z)* x Sy, of order 2° - 3.

Recall (from [Car85, Proposition 3.3.3|, for example) the standard bijection between maximal
tori of G and Frobenius-conjugacy classes in the Weyl group. Let T be a maximal torus of G
corresponding to the conjugacy class of —1. By [DeB06, Lemma 2.3.1] and the discussion
preceding it, there exists a maximal torus .7 of ¢ with special fiber T. Let T be the generic
fiber of .7, an elliptic, unramified maximal torus of G.

Lemma D.2. Ng(T)(F)/T(F) =W(G,T)(F) ~ W(Dy).

Proof. By Lang’s Theorem, N1(G)(kr)/T(kr) ~ W(G, T)(kr), and this latter group is the
centralizer in W (G, T)(kr) of —1 by [Car85, Proposition 3.3.6], which is the full Weyl group
because —1 is central. Hence W (G, T)(kr) = W (G, T)(kp) ~ W(D,). Moreover, since 7 is a
maximal torus of the reductive Op-group ¢, the normalizer Ny (.7) is smooth, and so by
Hensel’s Lemma ([SGA3, Exposé XI, Corollaire 1.11]) the map Ng(.7)(OFp) — Ng(T)(kr) is
surjective. Now we are finished because Ny (.7 )(Or) C Ng(T)(F). O
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Let (T, F) = {x}. Our example starts from a G-datum of the form Y = ((G,T), z, r, triv, ¢),
where triv is the trivial one-dimensional representation of T'(F') and where ¢ is a character
of T'(F) that we carefully define as follows.

First, observe that T'(F) ~ U}, J#(F) ®z X, (T) where E' is an unramified quadratic extension
of F. Since Sping is simply-connected, X*(7') is the weight lattice of type Dy. Number the
fundamental weights t;, 1 <1 <4, as in [Bou02, Plate IV, p. 272], so that wy corresponds
to the central vertex of the Dynkin diagram.

Lemma D.3. Let ¢ > 4 and let r be an odd integer with 1 < r < val(2).
(a) There exist two order-two characters ¢;: UE/F(F) — C*, i=1,2 such that
depth(¢;) = depth(¢py) = depth(p1¢y) = r.
(b) For all such ¢;, the following character ¢: T(F) — C* is (G,T)-generic of depth r:
o(t) = g1 (t™?) - ¢2(twl+w3+w4)-
Here we use the exponential notation t* := «a(t).

Proof. For the first part, consider the maximal 2-torsion quotient
UL w(F) /UL ()2,
where (—)*? forms the subgroup of squares. If a € E; and val(a — 1) < val(2), then
val(a® — 1) = val((a — 1)* = 2(a — 1)) = 2val(a — 1).
Moreover, if val(a — 1) = 0, then val((a — 1)?) = val(a — 1). Since r is odd, the map
Ué/F(F%":H- — UJ%/F<F)/(U}E/F(F>X2 : Uf‘lﬂ/F(F>T+)

is injective, and hence we can freely extend any character of the group Uy / »(F)pry to an
order-two character of Uy, »(F). Since the group U p(F),.ri = kp has cardinality ¢ and
q > 4, this group has two linearly independent characters, completing the proof.

For the second part, recall that we coordinatize X*(7T') as in Bourbaki, thus X*(T') = Z*+Zwy,
where Z* has basis e, es, €3, e4 and where w, = %(61 + ey + e3 + e4). Since wy + w3 + wy =
2e1 + eg + e3, we can rewrite ¢ as

B(t) = ¢1(t72) - ha(t27). (D.3a)

Hence the restriction of ¢ to depth r is represented by the following element in the dual Lie
algebra, using the identification of t*(F*P) with X*(T") ®z F*P:
X =(e1+e)®@ar+ (e2 +e3) ®ay

for some a; with ay,ay and ay + ay of valuation —r. If we denote by {e}} the basis of t(F™P)
dual to {e;}, then the set of H, for a € ®(G,T) is {#e] £ej: 1 <4,j <4, i # j}. Hence
val(X (H,)) = —r for all & € ®(G,T), and since X also satisfies (GEOQ), the character ¢ is
(G, T)-generic of depth 7. O
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Recall that W (D,) ~ (Z/27) x S,, where the subgroup (Z/27)? preserves each of the sets
{xe1}, {£ea}, {£es}, {es}. The group A4 contains a unique Sylow 2-subgroup, the Klein
four-group, which is normal in Sy. Let P be the subgroup of W (D,) generated by the normal
subgroup (Z/27)3 and this Klein four-group. Then P ~ (Z/27)3 x (Z/27)? is a nonabelian
group of order 32, normal in W(D,). We also view P as a subgroup of Ng(T')(F)/T(F) via
Lemma D.2.

Lemma D.4. The centralizer in Ng(T)(F)/T(F) of the character ¢ from Lemma D.3 is P.

Proof. The normal subgroup (Z/2Z)3 centralizes ¢ because the ¢; have order two. To see that
the Klein four-group centralizes ¢, use (D.3a) and that ¢y (t17¢2) = ¢y (t7937) = ¢y (¢%37%)
and ¢ (t273) = ¢y(t17%) because e; + eg + e3 + e4 € 2X*(T). O

Corollary D.5. Let ¢: T(F) — C* be as in Lemma D.3 and let No(T)(F)p be the preimage
of P under the projection to W (G, T). Then

Za(r)p (D)) = G(F) sz - Na(T)(F)p.

Proof. Since {z} = A(T, F), we have Ng(T)(F) C G(F). Now the result follows from
combining Lemma 4.6.3 and Lemma D.4. O

Now we are in position to provide an example in which dim(o) > dim(p ® ).

Example D.6. Consider the supercuspidal G-datum ((G,T),z,7,1,¢) where ¢ and r are
as in Lemma D.3, so that K = G(F),,2T(F), Kt = G(F)y,r2Na(T)(F), p® & = )
and Ng+ (é(g,x)) = G(F)zy/2 - Na(T)(F)p by Corollary D.5. Let o be a representation
of NK+(¢A5(G,@) that is QAS(G@)—isotypic on K. Then o is determined by its restriction oq
to No(T')(F)p. Conversely, any representation o of Np(G)(F')p that is ¢-isotypic on T'(F)
determines such a o by the formula o(kn) = ¢ (k)oo(n) for k € G(F),, and n €
Ne(T)(F)p.

Since 0y and ¢ are trivial on ker(¢), we can interpret them as representations of the finite
group P := Ng(T)(F)p/ ker(¢). Moreover, as ¢ has order 2, we have T'(F')/ ker(¢) ~ Z /27,

and the group P fits into a short exact sequence
1 = Z)2Z — P — P — 1.

Choosing 0y amounts to choosing a representation of P whose restriction to Z /27 is nontrivial.
Hence there certainly exists a oy for which dim(og) > dim(¢) = 1, since P is nonabelian,
thus dim(o) > dim(p ® k). Moreover, if we choose two 0y and o, with dim(og) # dim(oy),
then the resulting supercuspidal representations 7 and 7’ are not isomorphic because their
formal degrees are different:
di di A
fdeg(m) = 1m(<7A0) # lm(UAO) = fdeg(7").
Vol(Ni+(¢(aa)))  vOl(Nk+ (D))

See, e.g., Section 3.2 of [Sch24] for a review of the formal degree, including, in Lemma 3.4,
the formula for the formal degree of a compactly induced representation used above.
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Selected notation

_o_,11
h7 7
Autz<_), 16
Bg, 43

(Gi)aiir = (Gig1, Gi) (F )i, 23
(GnJrl)[;]? 23

Gni1, 28

GL(W, R), 12

Irr(A, B,m), 7
K, 22

K-, 23

K+ 92

K, 24

K~, 23

P, 19

Selected terminology

R-linearization, 13

exponent, 9
extraspecial p-group, 9

form
alternating, 43
nondegenerate, 43
quadratic, 43
skew-symmetric, 43
symmetric, 43
symplectic, 43

Frobenius-Schur type, 12

generic of depth r, 20

Heisenberg [F)-group, 9
Heisenberg k-group, 9
Heisenberg representation, 14

20

Heisenberg R-representation, 16
Heisenberg—Weil representation, 18

(partial) polarization, 14, 44
projective R-representation, 13
projective Weil representation, 16
projective Weil R-representation, 17

R-representation, 12

splitting (of W), 14
subspace
anisotropic, 44
isotropic, 14, 44
supercuspidal G-datum, 22

twisted Levi subgroup, 7

Weil representation, 18
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